Paralinearization of the Dirichlet to Neumann 
operator, and regularity of three-dimensional 

water waves 
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Abstract 

This paper is concerned with a priori C°° regularity for three- 
dimensional doubly periodic travelling gravity waves whose fundamen- 
tal domain is a symmetric diamond. The existence of such waves was 
a long standing open problem solved recently by looss and Plotnikov. 
The main difficulty is that, unlike conventional free boundary prob- 
lems, the reduced boundary system is not elliptic for three-dimensional 
pure gravity waves, which leads to small divisors problems. Our main 
result asserts that sufficiently smooth diamond waves which satisfy a 
diophantine condition are automatically C°° . In particular, we prove 
that the solutions defined by looss and Plotnikov are C°°. Two no- 
table technical aspects are that (i) no smallness condition is required 
and (ii) we obtain an exact paralinearization formula for the Dirichlet 
to Neumann operator. 
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1 Introduction 

The question is to prove the a priori regularity of known travelling waves 
solutions to the water waves equations. We here start an analysis of this 
problem for diamond waves, which are three-dimensional doubly periodic 
travelling gravity waves whose fundamental domain is a symmetric diamond. 
The existence of such waves was established by looss and Plotnikov in a 
recent beautiful memoir (|22j). 
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After some standard changes of unknowns which are recalled below in 
H2.1[ for a wave travelling in the direction Oxi, we are led to a system of 
two scalar equations which reads 

G{a)ij - d,,a = 0, 
fia + d^,ilj + ^\ViP\^ 

where the unknowns are a, : ^ R, /u is a given positive constant and 
G{a) is the Dirichlet to Neumann operator, which is defined by 

G((t)V(x) = y^l + |Va|2c>„</.|j^=,(,) = {dy(l)){x,a{x))-Va{x)-{V(l)){x,a{x)), 
where (p = (Pi^^ v) is the solution of the Laplace equation 

A^,,> = in J7 := G R2 X R|y < (1.2) 

with boundary conditions 

(/>(x, a{x)) = ipix), Vx,y(pix, y) ^ as y ^ -oo. (1.3) 

Diamond waves are the simplest solutions of (jl.ip one can think of. These 
3D waves come from the nonlinear interaction of two simple oblique waves 
with the same amplitude. Henceforth, by definition, Diamond waves are 
solutions {a, ip) of System (|1.1|) such that: (i) a, ip are doubly-periodic with 
period 27r in xi and period 27r£ in X2 for some fixed ^ > and (ii) a is even 
in xi and even in X2', ip is odd in xi and even in X2 (cf Definition 12. 2|) . 

It was proved by H. Lewy [29] in the fifties that, in the two-dimensional 
case, if the free boundary is a curve, then it is a C"^ curve (see also 
the independent papers of Gerber [151 IHl ttZ])- Craig and Matei obtained 
an analogous result for three-dimensional (i.e. for a 2D surface) capillary 
gravity waves in [101 lllj . For the study of pure gravity waves the main 
difficulty is that System p.ip is not elliptic. Indeed, it is well known that 
G(0) = \Dx\ (cf §2.5p . This implies that the determinant of the symbol of 
the linearized system at the trivial solution (a, ip) = (0, 0) is 

^lei-e?, 

so that the characteristic variety G R^ : fi\^\ — = 0} is unbounded. 

This observation contains the key dichotomy between two-dimensional 
waves and three-dimensional waves. Also, it explains why the problem is 
much more intricate for pure gravity waves (cf ^7.21 where we prove a priori 
regularity for capillary waves by using the ellipticity given by surface ten- 
sion). More importantly, it suggests that the main technical issue is that 
small divisors enter into the analysis of three-dimensional waves, as observed 
by Plotnikov in [36] and Craig and Nicholls in [12j . 



l {Va-ViP + d,,af ^ (1-1) 
2 l + |Va|2 
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In [22], looss and Plotnikov give a bound for the inverse of the symbol of 
the hnearized system at a non trivial point under a diophantine condition, 
which is the key ingredient to prove the existence of non trivial solutions 
to (jl.ip by means of a Nash-Moser scheme. Our main result, which is 
Theorem 12.51 asserts that sufficiently smooth diamond waves which satisfy 
a refined variant of their diophantine condition are automatically . We 
shall prove that there are three functions v, kq, ki defined on the set of H^^ 
diamond waves such that, if for some < 6 < 1 there holds 

1 



a, ip)ki + Ko()U, cr, ip) H 



> 



for all but finitely many {kx^k-i) G N'^, then (cr, -0) G C°°. Two interesting 
features of this result are that, firstly no smallness condition is required, and 
secondly this diophantine condition is weaker than the one which ensures 
that the solutions of looss and Plotnikov exist. 

The main corollary of this theorem states that the solutions of looss and 
Plotnikov are C°° . Namely, consider the family of solutions whose existence 
was established in |22j . These diamond waves are of the form 

a^(x) = eai{x) + e^a2ix) + e^asix) + 0{e^), 
ij'ix) = + e^Mx) + £^3(2;) + O(e^), (1.4) 

/i^ = ^c + eVi + 0(e^), 
where e G [0, Eq] is a small parameter and 

IJ-c ■= ^Y^p. ' "^^^^ co^xx cos {^J^ > i'lix) := sinxi cos , 

so that (a"i,i/'i) G C°°(T^) solves the linearized system around the trivial 
solution (0,0). Then it follows from the small divisors analysis in [22] and 
Theorem [23] below that (a^V^) G C°°. 

The main novelty is to perform a full paralinearization of System (jl.ip . 
A notable technical aspect is that we obtain exact identities with remainders 
having optimal regularity. This approach depends on a careful study of the 
Dirichlet to Neumann operator, which is inspired by the important paper 
of Lannes [2^ . The corresponding result about the paralinearization of the 
Dirichlet to Neumann operator is stated in Theorem 12.121 This strategy 
has a number of consequences. For instance, we shall see that this approach 
simplifies the analysis of the diophantine condition (see Remark 16.31 in Q . 
Also, one might in a future work use Theorem 12. 121 to prove the existence of 
the solutions without the Nash-Moser iteration scheme. These observations 
might be useful in a wider context. Indeed, it is easy to prove a variant of 
Theorem 1 2 . 1 2 1 for time-dependent free boundaries. With regards to the anal- 
ysis of the Cauchy problem for the water waves, this tool reduces the proof 
of some difficult nonlinear estimates to easy symbolic calculus questions for 
symbols. 
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2 Main results 



2.1 The equations 



Wc denote the spatial variables by (x, y) = (xi, X2, y) G x R and use the 
notations 



We consider a three-dimensional gravity wave travelling with velocity c on 
the free surface of an infinitely deep fluid. Namely, we consider a solution 
of the three-dimensional incompressible Euler equations for an irrotational 
flow in a domain of the form 



whose boundary is a free surface, which means that a is an unknown (think 
of an interface between air and water). The fact that we consider an in- 
compressible, irrotational flow implies that the velocity field is the gradient 
of a potential which is an harmonic function. The equations are then given 
by two boundary conditions: a kinematic condition which states that the 
free surface moves with the fluid, and a dynamic condition that expresses a 
balance of forces across the free surface. The classical system reads 



where the unknowns are 0: O — R and a: R^ — R, c G R^ is the wave 
speed and g > is the acceleration of gravity. 

A popular form of the water waves equations is obtained by working 
with the trace of cp at the free boundary. Define ^ : R^ ^ R by 



The idea of introducing goes back to Zakharov. It allows us to reduce the 

problem to the analysis of a system of two equations on a and ip which are 
defined on R^ . The most direct computations show that {a, ip) solves 



O = G xR^ X R|y < cr{x)}, 



< 




(2.1) 



. (V^, dycf)) -> (0, 0) as y ^ -oo 



il){x) := ^{x,a{x)). 
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Up to rotating the axes and replacing g hy fj. := g/ |c|^ one may assume that 

c= (1,0), 

thereby obtaining System (jl.ip . 

Remark 2.1. Many variations are possible. In §7.21 we study capillary 
gravity waves. Also, we consider in §7. li the case with source terms. 

2.2 Regularity of three-dimensional diamond waves 

Now we specialize to the case of diamond patterns. Namely we consider 
solutions which are periodic in both horizontal directions, of the form 

a{x) = cr{xi + 2-71, X2) = o (x\,X2 + 2Txt) , 
^{x) = i){x\ + 27r, X2) = ^ (xi, rc2 + 2t:€) , 

and which are symmetric with respect to the direction of propagation Ox\. 

Definition 2.2. i) Hereafter, we fix i > and denote by the 2-torus 

= (R/27rZ) X (R/27r^Z). 

Bi-periodic functions on R^ are identified with functions on T^, so that the 
Sobolev spaces of bi-periodic functions are denoted by i?'*(T^) (s G RJ. 

a) Given /i > and s > 3, the set D^(T^) consists of the solutions 
{(J,ip) of System (jl.ip which belong to H^{T'^) and which satisfy, for all 

X e R^ 

cr{x) = a{-Xi,X2) = cr{xi, -X2), 

ljj[x) = -'4>{-Xl,X2) = Ipixi, -X2), 

and 

l + (5,.,0)(x,a(x)) /O, (2.2) 

where (p denotes the harmonic extension of ip defined by (|1.2|) - (|1.3|) . 

Hi) The set D%T^) of diamond waves is the set of all triple lo = 
(/i,o-,'0) such that {a,'ip) £ ^^(T^). 

Remark 2.3. A first remark about these spaces is that they are not empty; 
at least since 2D waves are obviously 3D waves (independent of X2) and 
since we know that 2D symmetric waves exist, as proved in the twenties by 
Levi-Civita pS], Nekrasov |34j and Struik [37]. The existence of really three- 
dimensional pure gravity waves was a well known problem in the theory of 
surface waves. It has been solved by looss and Plotnikov in [22J- We refer 
to \22\ [HI IT2| [TH] for references and an historical survey of the background 
of this problem. 
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Remark 2.4. Two observations are in order about (12. 2p . which is not an 
usual assumption. We first note that (j2.2p is a natural assumption which 
ensures that, in the moving frame where the waves look steady, the first 
component of the velocity evaluated at the free surface does not vanish (cf 
the proof of Lemma 15.151 which is the only step in which we use (12. 2p ). 
On the other hand, observe that ()2.2p is automatically satisfied for small 
amplitude waves such that cp = 0(e) in C^. 

For all s > 23, looss and Plotnikov prove the existence of //^-diamond 
waves having the above form ()1.4p for e £ £ where £ = £{s,£) has asymp- 
totically a full measure when e tends to (we refer to Theorem 12.71 below 
for a precise statement). The set £ is the set of parameters e £ [0, eo] (with 
eo small enough) such that a diophantine condition is satisfied. The follow- 
ing theorem states that solutions satisfying a refined diophantine condition 
are automatically C°°. We postpone to the next paragraph for a statement 
which asserts that this condition is not empty. As already mentioned, a nice 
technical feature is that no smallness condition is required in the following 
statement. 

Theorem 2.5. There exist three real-valued functions iy',KQ,Ki defined on 
L>12(t2) such that, for all uj = {n,a,ip) G D^^{T^): 
i) if there exist 6 £ [0, 1[ and N £ N* such that 



k2 



u[uj)ki + Ko{uj) H 



> 



1 



k 



2+5 ■ 



(2.3) 



for all iki,k2) £ with ki > N, then (cr,^) £ C°°(T2). 
ii) I'iuj) > and there holds the estimate 



+ 



Ko{uj) - Ko(^,0,0) 



+ 



Kl{uj) - Kl(;U,0, 0) 

V A* 



for some non- decreasing function C independent of {fi,a,ip). 

Remark 2.6. i) To define the coefficients u(u;), Ko(ij), ki(uj) we shall use 
the principal, sub-principal and sub-sub-principal symbols of the Dirichlet 
to Neumann operator. This explains the reason why we need to know that 
(cr, ip) belongs at least to H^^ in order to define these coefficients. 

ii) The important thing to note about the estimate is that it is second 
order in \\{a, 'tp)\\jji2- This plays a crucial role to prove that small amplitude 
solutions exist (see the discussion preceding Proposition l2.1Up . 
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2.3 The small divisor condition for small amplitude waves 



The properties of an ocean surface wave are easily obtained assuming the 
wave has an infinitely small amplitude (linear Airy theory). To find nonlin- 
ear waves of small amplitude, one seeks solutions which are small pertur- 
bations of small amplitude solutions of the linearized system at the trivial 
solution (0,0). To do this, a basic strategy which goes back to Stokes is to 
expand the waves in a power series of the amplitude e. In [22], the authors 
use a third order nonlinear theory to find 3D-diamond waves (this means 
that they consider solutions of the form (j2.5p ). We now state the main part 
of their results (see [22j for further comments). 

Theorem 2.7 (from [22]). Leti > and s > 23, and set = 7f^- There 
is a set A C [0, 1] of full measure such that, if ^ A then there exists a set 
S = £{s,iic) satisfying 

lim ^ / tdt = 1, (2.4) 

r^O j£Tl[0,r] 

such that there exists a family of diamond waves (/x^, cj^, "0^) £ D^iT^"^) with 
e ^ £, of the special form 

cr^(a;) = £ai{x) + e^a2{x) + £^0-3(3;) + e'^S^(x), 
^^x) = eiJi{x) + eV2(x) + £^^3(2;) + e%^(x), (2.5) 
= ^^ + £^1+0(6^), 

where cti , (T2 , cts , "01 ; "02 , V'3 ^ -?/°°(T^) with 

(Tiix) = cos xi cos , i^i(x) = sinxi cos f ^) , 

fic V £ / V I: / 

the remainders S^,^'^ are uniformly bounded in i7^(T^) and 
/^i = 7-^-:^-T-+2 + 



4/x3 2/x2 2 4(2-^,)- 

To prove this result, the main difficulty is to give a bound for the inverse 
of the symbol of the linearized system at a non trivial point. Due to the 
occurence of small divisors, this is proved in [22] under a diophantine condi- 
tion. Now, it follows from the small divisors analysis by looss and Plotnikov 
in [22] that, for all e G <f^. 



c 



for some positive constant c and all k = {ki, ^2) such that k ^ 0,k ^ i(l) 1)) 
A;/ib(— 1,1). As a result. Theorem 12.51 implies that, for all e G <S, 

(a^^/;^) G C7°^(T2). 
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The main question left open here is to prove that, in fact, (a^jijj^) is analytic 
or at least have some maximal Gevrey regularity. 

To prove Theorem l2.7l the first main step in is to define approximate 
solutions. Then, looss and Plotnikov used a Nash-Moser iterative scheme 
to prove that there exist exact solutions near these approximate solutions. 
Recall that the Nash method allows to solve functional equations of the form 
= ^{uq) + / in situations where there are loss of derivatives so that 
one cannot apply the usual implicit function Theorem. It is known that the 
solutions thus obtained are smooth provided that / is smooth (cf Theorem 
2.2.2 in [19]). This remark raises a question: Why the solutions constructed 
by looss and Plotnikov are not automatically smooth? This follows from 
the fact that the problem depends on the parameter e and hence one is led 
to consider functional equations of the form $(u,e) = $(ito,e) + /. In this 
context, the estimates established in ^5] allow to prove that, for any ^ G N, 
one can define solutions {a, ^) E C^(T^) for e e <Sn [0, eo], for some positive 
constant eq depending on £. 

The previous discussion raises a second question. Indeed, to prove that 
the solutions exist one has to establish uniform estimates in the following 
sense: one has to prove that some diophantine condition is satisfied for all 
k such that ki is greater than a fixed integer independent of e. In (22], 
the authors establish such a result by using an ergodic argument. We shall 
explain how to perform this analysis by means of our refined diophantine 
condition. This step depends in a crucial way on the fact that the estimate 
of u{fi, a, ip) — 0, 0), KQ{fi, a, ip) — KQ{fi, 0, 0) and Ki{fi, a, ip) — 0, 0) 
are of second order in the amplitude. Namely, we make the following as- 
sumption. 

Assumption 2.8. Let v = kq = KQ{e) and ki = Ki(e) be three real- 
valued functions defined on [0, 1]. In the following proposition it is assumed 
that 

Ko{e) = Ko + ip2{s^), (2.6) 

Ki{e) = Ki+ ^3{£^), 

for some constants i^, i^', hq, ni with 

and three Lipschitz functions ipj : [0, 1] — > R satisfying (pj{0) = 0. 

Remark 2.9. In [22], the authors prove that the assumption z/ 7^ is 
satisfied for i^(e) = o"^, ■0^) where (/x^, cr^, '0'') are the solutions of The- 
orem [2i71 Assumption 12.81 is satisfied by these solutions. 
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Proposition 2.10. Let 6 and 6' be such that 

l>6>5' >0. 

Assume in addition to Assumption \2.8\ that there exists n >2 such that 



k2 — Ehi — Ko 



> 



1+5' 



(2.7) 



for all k G with ki > n. Then there exist K>0,rQ>0, Nq£N and a 
set A C [0, 1] satisfying 



]_ S—S' 

Vre[0,ro], -\An[0,r]\>l-Kr3W. 
r 



such that, if e'^ G A and ki > Nq then 



k2 - u{e)k\ - Ko(e) 



Ki{e) 



k\ 



> 



(2i 



(2.9) 



for all A;2 G N. 



Remark 2.11. (i) It follows from the classical argument introduced by 
Borel in [7] that there exists a null set M C [0, 1] such that, for all (i£, kq) £ 
([0,1] \M) X [0,1], the inequality ()2.7p is satisfied for ah (fci,/c2) with ki 
sufficiently large. 

(ii) If A satisfies ([23]) then the set £ = {e e [0, 1] : ^ satis- 
fies (|2.4p . The size of set of those parameters £ such that the diophantine 
condition ()2.9p is satisfied is bigger than the size of the set £ given by The- 
orem 12.71 



Proposition 12.101 is proved in Section El 



2.4 Paralinearization of the Dirichlet to Neumann operator 

To prove Theorem 12.51 we use the strategy of looss and Plotnikov [22] . The 
main novelty is that we paralinearize the water waves system. This approach 
depends on a careful study of the Dirichlet to Neumann operator, which is 
inspired by a paper of Lannes [27] • 

Since this analysis has several applications (for instance to the study of 
the Cauchy problem), we consider the general multi-dimensional case and 
we do not assume that the functions have some symmetries. We consider 
here a domain Q of the form 

n = {{x,y) eT'^ x-R\y <a{x)}, 
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where T'^ is any d-dimensional torus with d> 1. Recall that, by definition, 
the Dirichlet to Neumann operator is the operator G{a) given by 

G{a)7p = y^l + \ Va\'^dn(p\y=„(^^), 
where n is the exterior normal and (p is given by 

A^^yip = 0, (p\y=a{x) = i', '^x,y^ ^ as y ^ -oo. (2.10) 
To clarify notations, the Dirichlet to Neumann operator is defined by 

(G(a)V)(x) = {dyip)ix, a{x)) - Va{x) ■ iVip)ix, a{x)). (2.11) 

Thus defined, G{a) differs from the usual definition of the Dirichlet to Neu- 
mann operator because of the scaling factor y/1 + |V(tP; yet, as in [271 122] 
we use this terminology for the sake of simplicity. 

It is known since Calderon that, if cr is a given C°° function, then 
the Dirichlet to Neumann operator G{a) is a classical pseudo-differential 
operator, elliptic of order 1 (see [3l [381 [39lll3] ) . We have 

G{a)^P = Op{X^)^P, 

where the symbol Xa has the asymptotic expansion 

A.(x, ~ Xlix, + A° (x, + X^\x, + • • • (2.12) 

where are homogeneous of degree k in ^, and the principal symbol A^ is 
elliptic of order 1, given by 

Xlix, = ^{l + \Va{x)\')\C\'-{Va{x)-0'. (2.13) 

Moreover, the symbols A°, A~^, . . . are defined by induction so that one can 
easily check that A^ involves only derivatives of a of order < -|-2 (see [3]). 

There are also various results when a G°°. Expressing G{a) as a 
singular integral operator, it was proved by Craig, Schanz and C. Sulem [13| 
that 

a e C''^\ V e H''^^ with keN ^ G{a)^ G H''. (2.14) 

Moreover, when a is a given function with limited smoothness, it is known 
that G{a) is a pseudo-differential operator with symbol of limited regularitj0 
(see |41[ I14[). In this direction, for a G -ff*^^(T^) with s large enough, it 
follows from the analysis by Lannes ([27|) and a small additional work that 

G{a)ij = Op{Xl)ij + r{a,ij), (2.15) 

^We do not explain here the way we define pseudo-difFerential operators with symbols 
of limited smoothness since this problem will be fixed by using paradifferential operators, 
and since all that matters in (|2.15p is the regularity of the remainder term r((T, t/;). 
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where the remainder r{a,ip) is such that 

For the analysis of the water waves, the think of great interest here is that 
this gives a result for G(ct)V' when a and ip have exactly the same regularity. 
Indeed, (fTT^]) implies that, if G i7*+^(T"') and e i^'+HT'^) for some 
s large enough, then G{a)^|; £ H'iT^). This result was first established by 
Craig and Nicholls in ITT\ and Wu in [451 146j by different methods. We refer 
to [27] for comments on the estimates associated to these regularity results 
as well as to [1] for the rather different case where one considers various 
dimensional parameters. 

A fundamental difference with these results is that we shall determine 
the full structure of G{a) by performing a full paralinearization of G{a)ip 
with respect to ip and a. A notable technical aspect is that we obtain exact 
identities where the remainders have optimal regularity. We shall establish 
a formula of the form 

Gia)^P = Op{X^)^P + B{a, ^) + R{a, ^), 

where B{a,'il)) shall be given explicitly and R{(T,'ip) ~ in the following 
sense: R{(t, V') is twice more regular than a and ip. 

Before we state our result, two observations are in order. 

Firstly, observe that we can extend the definition of A^- for a C°° in the 
following obvious manner: we consider in the asymptotic expansion (|2.12p 
only the terms which are meaningful. This means that, for a E C^+'^ \ (jk+3 
with /c S N, we set 

A.(x, = Xlix, e) + A° (x, e) + • • • + X-'{x, 0- (2.16) 

We associate operators to these symbols by means of the paradifferential 
quantization (we recall the definition of paradifferential operators in ^4.1|) . 

Secondly, recall that a classical idea in free boundary problems is to use 
a change of variables to reduce the problem to a fixed domain. This suggests 
to map the graph domain to a half space via the correspondence 

{x,y)^{x,z) where z = y — a{x). 

This change of variables takes ^x,y to a strictly elliptic operator and dn to a 
vector field which is transverse to the boundary {z = 0}. Namely, introduce 
v: T'^x] - 00,0] ^ R defined by 

v{x^ z) = ip{x, z + cr{x)), 

so that V satisfies 

f U=0 = ^\y=a{x) = V', 
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and 

(1 + |Vcjp)9> + Av- 2Va • Vd^v - d^vAa = 0, (2.17) 
in the fixed domain T'^x] — oo,0[. Then, 

G{a)^ = {l + \V(T\'^)d^v-Va-Vv . (2.18) 

2 = 

Since v solves the strictly elliptic equation (j2.17p with the Dirichlet boundary 
condition f 1^=0 = V') there is a clear link between the regularity of ip and the 
regularity of v. We formulate this link in Remark 12.131 below. However, to 
state our result, the assumptions are better formulated in terms of a and v. 
Indeed, this enables us to state a result which remains valid for the case of 
finite depth. The trick is that, even if v is defined for (x, z) G T'^x] — c>o, 0], 
we shall make an assumption on i^|t'*x[-i,o] only (we can replace —1 by any 
negative constant). Below, we denote by C°([— 1, 0]; -ff''(T'^)) the space of 
functions which are continuous in z G [—1,0] with values in H^iT'^). 

Theorem 2.12. Let d > 1 and s > 3 + d/2 be such that s - d/2 ^ N. // 

aeH'{T'^), veC^{[-l,0];H'{T'^)), d,v £ C\[-l,0]; H'-\T'^)), 

(2.19) 

then 

Gia)i; = Tx^{i^-na) -TvVa-Tdi.v<T + Ria,i^), (2.20) 



where Ta denotes the paradifferential operator with symbol a (cf i] ), the 
function b = b{x) and the vector field V = V{x) belong to H'^~^{'T'^), the 
symbol A^- G S^_-|^_^^2(T'^) T-^ee Definition \4-3\ ) is given by (I2.16|) applied 
with k = s — 2 — d/2, and R{cr, ip) is twice more regular than the unknowns: 



Ve>0, Ria,^;) e H^'~^-i~'{T'^). (2.21) 
Explicitly, b and V are given by 

^ = 1 , IV7 12 ' V = V7p-bVcr. 

There are a few further points that should be added to Theorem 12.121 

Remark 2.13. The first point to be made is a clarification of how one 
passes from an assumption on (cr, f) to an assumption on (cr, V')- As in [Ij, 
it follows from standard elliptic theory that 

a G H'^+^T'^), ^ G H''{T'^) ^ve ^'=+^([-1,0] x T'^), 

so that V G C^{[-1,0];H''{T'^)) and d,v G C'^{[-1,0]; H''-\T'^)). As a 
result, we can replace (I2.19P by the assumption that a G H^^2{T'^) and 
ip G H'iT'^). 
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Remark 2.14. Theorem 12.121 still holds true for non periodic functions. 

Remark 2.15. The case with which we are chiefly concerned is that of 
an infinitely deep fluid. However, it is worth remarking that Theorem 12.121 
remains valid in the case of flnite depth where one considers a domain J7 of 
the form 

n := {{x,y) gT'^ xTil b{x) <y < a{x) }, 

with the assumption that 5 is a given smooth function such that 6 + 2 < a, 
and deflne G{a)tp by (I2.11|) where ip is given by 

^x,yV> = 0, ^\y=a{x) = "0, dn(p\y=b(x) = 0- 

Remark 2.16. Since the scheme of the proof of Theorem l2.12l is reasonably 
simple, the reader should be able to obtain further results in other scales 
of Banach spaces without too much work. We here mention an analogous 
result in Holder spaces C'^(R'^) which will be used in ^7.2i If 

aGC^(R^), G C°([-1,0];C^(R'^)), d,v e C'^{[-1,0];C'~\K^)), 

for some s G [3, +00], then we have (j2.20p with 

b G C'HK^), V G C^-i(R^), A,, G Si_i(R^), 

and R{a,7p) G C^''^-" (R'^) for ah e > 0. 

Remark 2.17. We can give other expressions of the coefficients. We have 

b{x) = {dyip){x,a{x)) = {dzv){x,0), 
V{x) = {V(p){x,a{x)) = (Vv)(x,0) - id^v){x,0)Va{x), 

where 99 is as defined in (i230|) . This clearly shows that b,V £ H''~'^{T'^). 

As mentioned earlier. Theorem 12 . 1 2 1 has a number of consequences. For 
instance, this permits us to reduce estimates for commutators with the 
Dirichlet to Neumann operator to symbolic calculus questions for symbols. 
Similarly, we shall use Theorem 12.121 to compute the effect of changes of 
variables by means of the paracomposition operators of Alinhac. As shown 
by Hormander in [20], another possible application is to prove the existence 
of the solutions by using elementary nonlinear functional analysis instead of 
using the Nash-Moser iteration scheme. 

The proof of Theorem 12.121 is given in ^ The heart of the entire 
argument is a sharp paralinearization of the interior equation performed in 
Prop osition 14.12] To do this, following Alinhac the idea is to work with 
the good unknown 

i/j - T^a. 

At first we may not expect to have to take this unknown into account, but 
it comes up on its own when we compute the linearized equations (cf 
For the study of the linearized equations, this change of unknowns amounts 
to introduce 5'ip — b5a. The fact that this leads to a key cancelation was 
first observed by Lannes in [27J. 
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2.5 An example 



We conclude this section by discussing a classical example which is Exam- 
ple 3 in [23] (see [22] for an analogous discussion). Consider 

= and a = (t(x2). 

Then, for any a £ C^, this defines a solution of (j2.ip with g = 0, and no 
further smoothness of the free boundary can be inferred. Therefore, if g = 
(i.e. /i = 0) then there is no a priori regularity. 

In addition, the key dichotomy d = 1 or d = 2 is well illustrated by 
this example. Indeed, consider the linearized system at the trivial solution 
{cr,(j)) = (0,0). We are led to analyse the following system (cf 

'^z,xV = in z < 0, 

dzV — dxiCr = on z = 0, 

lia + dxiV = on z = 0, 

. ^z,xV — > as z ^ — oo. 

For cr = 0, it is straightforward to compute the Dirichlet to Neumann oper- 
ator G(0). Indeed, we have to consider the solutions of (|^p — d'^)V{z) = 0, 
which are bounded when 2: < 0. It is clear that V must be proportional 
to e^l^l, so that dzV = \^\ V. Reduced to the boundary, the system thus 
becomes 

{\Dx\v — dx^cr = on z = 0, 
+ dxj^v = on z = 0. 
The symbol of this system is 



(2.22) 



whose determinant is 

m-fi- (2.23) 
If d = 1 (or if ;U < 0), this is a (quasi-)homogeneous elliptic symbol. Yet, 
if d = 2 (and > 0), the symbol (j2.23p is not elliptic. It vanishes when 
= ^1, that is when <C |^2|- The singularities are linked to the set 
{/x|^2| = Cil- We thus have a Schrodinger equation on the boundary which 
may propagate singularities for rational values of the parameter ^u. This 
explains why, to prove regularity, some diophantine criterion is necessary. 

To conclude, let us explain why surface tension simplifies the analy- 
sis. Had we worked instead with capillary waves, the corresponding symbol 
()2.22p would have read 

The simplification presents itself: this is an elliptic matrix-valued symbol 
for all fj, £ H and all d >1. 
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3 Linearization 



Although it is not essential for the rest of the paper, it helps if we begin by 
examining the linearized equations. Our goal is twofold. First we want to 
prepare for the paralinearization of the equations. And second we want to 
explain some technical but important points related to changes of variables. 

We consider the system 

'a2(^ + A(/) = in {y<a{x)}, 

dy(l) — Va ■ V(j) — c ■ Va = on {y = a{x)}, 

' l^a + ^\V(l)\^ + ^idy(l)f + c-Vcj) = on {y = a{x)}, 

. ^x,y(f> ^0 as y ^ -oo, 

where /i > and c G R^. We shall perform the linearization of this system. 
These computations are well known. In particular it is known that the 
Dirichlet to Neumann operator G{a) is an analytic function of cr ([HI I35j). 
Moreover, the shape derivative of G{a) was computed by Lannes [27] (see 
also [SI US] ) • Here we explain some key cancelations differently, by means of 
the good unknown of Alinhac [2]. 



3.1 Change of variables 

One basic approach toward the analysis of solutions of a boundary value 
problem is to flatten the boundary. To do so, most directly, one can use the 
following change of variables, involving the unknown a, 

z = y-a{x), (3.1) 

which means we introduce v given by 

v{x, z) = (j){x, z + (t(x)). 

This reduces the problem to the domain {— oo < z < 0}. 

The first elementary step is to compute the equation satisfied by the 
new unknown t> in {z < 0} as well as the boundary conditions on {z = 0}. 
We easily find the following result. 

Lemma 3.1. // (j) and a are C^, then v{x, z) = (/>(x, z + o"(x)) satisfies 
{l + \Vaf)d^^v + Av -2Va -Vd^v - dzvAa = in z < 0, (3.2) 
{l + \Va\^)dzV-Va-{Vv + c) = on z = 0, (3.3) 

1, ,2 l(Va-(Vv + c)f , , 

//cj + c-Vf + -|Vf|2--^— -— -^^ = on z = 0. (3.4) 
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Remark 3.2. It might be tempting to use a general change of variables 
of the form y = p{x, z) (as in [lOl [TTl [26l EZj). However, these changes of 
variables do not modify the behavior of the functions on z = and hence 
they do not modify the Dirichlet to Neumann operator (see the discussion 
in [H]). Therefore, the fact that we use the most simple change of variables 
one can think of is an interesting feature of our approach. 

Remark 3.3. By following the strategy used in [22j, a key point below is to 
use a change of variables in the tangential variables, of the form x' = xi^)- 
In |22j . this change of variables is performed before the linearization. Our 
approach goes the opposite direction. We shall paralinearize first and then 
compute the effect of this change of variables by means of paracomposition 
operators. This has the advantage of simplifying the computations. 



3.2 Linearized interior equation 

Introduce the operator 

L := (l + |Va|^)af + A-2Va- Va^, (3.5) 

and set 

£{v^ a) := Lv — Afj^zV, 

so that the interior equation ()3.2p reads £{v,a) = 0. Denote by and 
f^, the linearization of £ with respect to v and a respectively, which are 
given by 

£'y{v, a)v := lirn - (^£{v + ev, a) — £{v, a)^ , 
£'^{v, a)& := lim - (£{v, a + ea) — £{v, a j) . 

To linearize the equation £{v,a) = 0, we use a standard remark in the com- 
parison between partially and fully linearized equations for systems obtained 
by the change of variables z = y — a{x). 

Lemma 3.4. There holds 

£'^{v,a)v + £'„{v,a)a = £'^{v,a)(v - {d^v)ay (3.6) 

Proof. See [2] or [32]. □ 

The identity (j3.6p was pointed out by S. Alinhac ([2j) along with the 
role of what he called "the good unknown" ii defined by 

ii = V — {dzv)a. 
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Since £{v,a) is linear with respect to v, we have 



SIj{v, a)v = £{y, a) = Lv — AadzV, 



from which we obtain the following formula for the linearized interior equa- 
tion. 

Proposition 3.5. There holds 



where ii := v — {dzv)&. 

We conclude this part by making two remarks concerning the good 
unknown of Alinhac. 

Remark 3.6. The good unknown ii = v — {dzv)a was introduced by Lannes 
[27j in the analysis of the linearized equations of the Cauchy problem for the 
water waves. The computations of Lannes play a key role in [22]. We have 
explained differently the reason why ii simplifies the computations by means 
of the general identity (13. 6p (compare with the proof of Prop. 4.2 in [27]). 
We also refer to a very recent paper by Trakhinin ([42j) where the author 
also uses the good unknown of Alinhac to study the Cauchy problem. 

Remark 3.7. A geometrical way to understand the role of the good un- 
known V — dzVa is to note that the vector field Dx := V — 'Vadz commutes 
with the interior equation (j3.2p for v: we have 



The previous result can be checked directly. Alternatively, it follows from 
the identity 



and the fact that commutes with dz- This explains why ii is the natural 
unknown whenever one solves a free boundary problem by straightening the 
free boundary. 



It turns out that the good unknown u is also useful to compute the lin- 
earized boundary conditions. Indeed, by differentiating the first boundary 
condition (13. Sp . and replacing i; by n -|- {dzv)a we obtain 



(1 + \Va\'^)dlu + Au- 2Va ■ Vdzii - Aadzii = 0, 





3.3 Linearized boundary conditions 



(1 + \Va\^)dzU -Va -Vii- (c + Vv - dzvVa) ■ Va 



((1 + |Vcj|2)a^t; - VcJ • Vdzv) = 0. 
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The interior equation (13. 2p for v implies that 

(1 + I VCT|2)a^t; - Va ■ Vd,v = - div (Vv - d^vVa^ . 
which in turn imphes that 

(1 + I Vcrp)a^u -Va-Vit- div ((c + Vv- dzvVa)cr^ = 0. 
With regards to the second boundary condition, we easily find that 
a& + {c + Vv - dzvVa) • Vn = 0, 

with a := ^ + (c + Vv — dzvVa) ■ VdzV. 

Hence, we have the following proposition. 

Proposition 3.8. On {z = 0}, the linearized boundary conditions are 

( Nil - d[v(V&) = 0, 

(3.7) 

[aa + {V- V)u = 0, 
where N is the Neumann operator 

N = {l + \Va\'^)dz-Va-V, (3.8) 

and 

V = c + Vv - dzvVa, a = fj. + V -VdzV. 
Remark 3.9. On {z = 0}, directly from the definition, we compute 

V = c + (V0)(x,cj(x)). 

With regards to the coefficient a, we have (cf Lemma 15. 4p 

a = -{dyP){x,a{x)). 

4 Paralinearization of the Dirichlet to Neumann operator 

In this section we prove Theorem 12.121 

4.1 ParadifFerential calculus 

We start with some basic reminders and a few more technical issues about 
paradifferential operators. 
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4.1.1 Notations 



We denote by 2 or Tu the Fourier transform acting on temperate distribu- 
tions u G 5'(R'^), and in particular on periodic distributions. The spectrum 
of u is the support of J-u. Fourier multiphers are defined by the formula 

p{Dx)u = T'^ [pJ^u) , 

provided that the multiplication by p is defined at least from 5(R'^) to 
5'(R'^); p{Dx) is the operator associated to the symbol p(^). 

According to the usual definition, for p g]0, -|-oo[\N, we denote by C 
the space of bounded functions whose derivatives of order [p\ are uniformly 
Holder continuous with exponent p — [p\. 



4.1.2 Paradifferential operators 

The paradifferential calculus was introduced by J.-M. Bony [6] (see also [211 
|3T| [33| [iO]). It is a quantization of symbols a(x,^), of degree m in ^ and 
limited regularity in x, to which are associated operators denoted by T^, of 
order < m. 

We consider symbols in the following classes. 

Definition 4.1. Given p > and m € R, r™(T'^) denotes the space of 
locally bounded functions a{x, ^) on x (R'^\0), which are C°° with respect 
to ^ for ^ 7^ and such that, for all a S N'' and all ^ 0, the function 
X I— > d'^a{x^S^) belongs to C^(T'^) and there exists a constant Ca such that, 

viei>^, ^^<Ca(i + ieir-i"i. (4.1) 



CP 



Remark 4.2. The analysis remains valid if we replace by W'"" for 
/9 G N. 

Note that we consider symbols a{x, ^) that need not be smooth for 
^ = (for instance o(x,^) = l.^!"* with m E R*). The main motivation for 
considering such symbols comes from the principal symbol of the Dirichlet 
to Neumann operator. As already mentioned, it is known that this symbol 
is given by 



Xl{x,0 ■■= ^/{l + \Va{x)\')\^f-{Va{x)-0'. 

If G C'{T'^) then this symbol belongs to ri„i(T"'). Of course, this symbol 
is not C°° with respect to ^ E R'^. 

The consideration of the symbol also suggests that we shall be led 
to consider pluri- homogeneous symbols. 
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Definition 4.3. Let p > 1, m G R. The classes I1^(T ) are defined as the 
spaces of symbols a such that 

0<j<p 

where a^-j G ^"^-j (T"^) is homogeneous of degree m — j in ^, C°° in ^ for 
^ 7^ and with regularity C^~^ in x. We call am the principal symbol of a. 

The definition of paradifi'erential operators needs two arbitrary but fixed 
cutoff functions x ^"^^ V'- Introduce x = x(^5 ^) such that x is a C"^ function 
on R*^ X R'^ \ 0, homogeneous of degree and satisfying, for < ei < £2 
small enough, 

X(^,r?) = l if \e\<eiH, 
xi0,r]) = O if \9\>e2\v\- 

We also introduce a C°° function ip such that < "0 < 1, 

il^{ri) = for |r/| < 1, ipiv) = 1 for 1^1 ^ 2. 

Given a symbol a(x,^), we then define the paradifferential operator Ta by 

I>(e) = (27r)-'^ I xi^ - V, VMC - V, v)i^irjMv) dr], (4.2) 

where a{6,^) = J e~'^^'^a{x,^) dx is the Fourier transform of a with respect 
to the first variable. We call attention to the fact that this notation is not 
quite standard since u and a are periodic in x. To clarify notations, fix 
T'^ = R^/L for some lattice L. Then we can write ( 14.21) as 

Also, we call attention to the fact that, if Q{Dx) is a Fourier multiplier 
with symbol q{^), then we do not have Q{Dx) = Tg, because of the cut-off 
function ■0. However, this is obviously almost true since we have Q{Dx) = 
Tg + R where R maps to for ah t G R. 

Recall the following definition, which is used continually in the sequel. 

Definition 4.4. Let m G R. An operator T is said of order < m if, for all 

s G R, it is bounded from ^/'*+™ to . 

Theorem 4.5. Let m G R. If a e T}^(T'^), then Ta is of order < m. 
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We refer to ()4.7p below for operator norms estimates. 

We next recall the main feature of symbolic calculus, which is a symbolic 
calculus lemma for composition of paradifferential operators. The basic 
property, which will be freely used in the sequel, is the following 

a e r^(T'^), b E Tf{T'^) => TaTb - Tab is of order <m + m' -I. 

More generally, there is an asymptotic formula for the composition of two 
such operators, whose main term is the pointwise product of their symbols. 

Theorem 4.6. Let m,m' £ R. Consider a £ T'^{T''-) and b G r™'(T'^) 

where p g]0,+cxd[, and set 

a^b{x,i)= Y: ^afa(x,e)9°6(x,OGErr-T'"'(T')- 
I w. — 

|a|<p 3<P 

Then, the operator TaTh — Ta^b is of order < m + m' — p. 

Proofs of these two theorems can be found in the references cited above. 
Clearly, the fact that we consider symbols which are periodic in x does 
not change the analysis. Also, as noted in [31], the fact that we consider 
symbols which are not smooth at the origin ^ = is not a problem. Here, 
since we added the extra function ij) in the definition (j4.2p . following the 
original definition in [6], the argument is elementary: if a G r^(T'^), then 
V'(^)a(x,^) belongs to the usual class of symbols. 

4.1.3 Paraproducts 

If a = a{x) is a function of x only, the paradifferential operator Ta is a called a 
paraproduct. For easy reference, we recall a few results about paraproducts. 

We already know from Theorem [13] that, if /3 > d/2 and b G Hf^{T'^) C 
C'^(T'^), then Ti, is of order < (note that this holds true if we only assume 
that b G L°°). An interesting point is that one can extend the analysis to 
the case where b G i?^(T'^) with /? < d/2. 

Lemma 4.7. For all a £ H and all f3 < d/2, 

a G i/"(T^), 6 G //^(T'^) ^ na € H'^+'^-^T'^). 

We also have the two following key lemmas about paralinearization. 
Lemma 4.8. For a G F°(T'^) with a > d/2 and F G C°°, 

F(a)-r^,(,)aGF2--|(T'^). (4.3) 
For all a, /3 G R such that q + /3 > 0, 

a£ H''{T'^),b£ Hl^(T'^) ab - Tab - TbO £ H'^-^'^-^T'^). (4.4) 
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There is also one straightforward consequence of Theorem 14.61 that will 
be used below. 

Lemma 4.9. Assume that t > d/2 is such that t — d/2 N. If a & and 

b £ H\ then 



4.1.4 Maximal elliptic regularity 

In this paragraph, we are concerned with scalar elliptic evolution equations 
of the form 



where b E r[|(T^) and a E r^(T°') is a first-order elliptic symbol with positive 
real part and with regularity in x. 

With regards to further applications, we make the somewhat unconven- 
tional choice to take the Cauchy datum on z = —1. Recall that we denote 
by C°([— 1, 0]; if™'(T'^)) the space of continuous functions in z E [—1,0] 
with values in i?™(T'^). We prove that, if / E C°([-l, 0]; iJ"(T'^)), then 
n(0) E F«+i-e(T^) for any e > (where u{0){x) = u\^=o = u{x,0)). This 
corresponds the usual gain of 1/2 derivative for the Poisson kernel. This 
result is not new. Yet, for lack of a reference, we include a detailed analysis. 

Proposition 4.10. Let r E [0, 1[, a{x,^) E r{+^(T'^) and 6(x,^) E r[j(T'^). 
Assume that there exists c > such that 

V(x, G T'^ X R^^ Re a{x, > ■ 

If u E C^{[—1,0]; H^°° (T'^)) solves the elliptic evolution equation 

dzU + TaU = TbU + /, 

with f E CO([-l,0];i/^(T'^)) for some s E R, then 

u{0) E H'+'-iT^). 

Proof. The following proof gives the stronger conclusion that u is continu- 
ous in z e] — 1,0] with values in i^*^^(T'^). Therefore, by an elementary 
induction argument, we can assume without loss of generality that 6 = 
and u E C^{[—1, 0]; H'^{'T'^)). In addition one can assume that u{t, x, z) = 
for z < -1/2. 

Introduce the symbol 
e{z; X, C) ■■= eo{z; x, ^) + e_i(z; x, C) 




d,u + TaU = nu + f (zE [-1,0],xET'^), 



exp {za{x, i)) + exp {za{x, £)) —d^a{x, • d^aix, 
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so that e(0;x,^) = 1 and 

dzG = eoa + e_ia H — dceo ■ dxa. (4-5) 
According to our assumption that Re a > c |^|, we have the simple estimates 

(z|e|)'exp(za(x,0) <Q. 

Therefore 

eo G C°([-l,0];r?+,(T^)), e_i G C0([-1, 0]; r,-i (T'^)). 

According to ()4.5p and Theorem 14.61 then, Tq^^ — T^Ta is of order < —r. 
Write 

(Teu) = TJ + F, 
with F G C°([-l,0];i?''+''(T'^)) and integrate on [-1,0] to obtain 



Tiu{0)= j%{y)dy + j\TJ){y)dy. 



(4.6) 



Since F G C°([-l, 0]; i7'*+''(T'^)), the first term in the right-hand side be- 
longs to iJ*+''(T'^). Moreover u(0) - rin(O) G H+°°{T'^) and hence it re- 
mains only to study the second term in the right-hand side of ()4.6p . Set 

u{0) := j\TJ){y)dy. 

To prove that S(0) belongs to ff*^''(T'^), the key observation is that, since 
Rea > c 1^1, the family 

{{\y\We{y;x,i)\-l<y<^} 

is bounded in rQ(T'^). Once this is granted, we use the following result (see 
|31| ) about operator norms estimates. Given s G R and m G R, there is a 
constant C such that, for all r G T'^{T'^) and all v G iJ'^+™(T'^), 

||T.i;|lH=<C sup sup {l + \i\t\-^d?T{;£,) ^\\v\\hs+^. (^.1) 



|a|<|+llfl>l/2 



This estimate implies that there is a constant K such that, for all —1 < y < 
and all v G H''{T'^), 

\\{\y\\D,\nT,v)\\Hs<K\\v\\Hs. 

By applying this result we obtain that there is a constant K such that, for 
ahy G [-1,0[, 

||(r,/)(y)||^.+. <^||/(y)||^.. 

Since \y\''' G L^{]-1, 0[), this implies that 5(0) G H'+''{T'^). This completes 
the proof. □ 
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4.2 Paralinearization of the interior equation 

With these preUminaries estabUshed, we start the proof of Theorem 12.121 
From now on we fix s > 3 + d/2 such that s - d/2 N, a G H''{T'^) 
and V £ H'^{T^). As already explained, we use the change of variables 
z = y — cr{x) to reduce the problem to the fixed domain 

{{x,z) e T"' X R : z < 0}. 

That is, we set 

v{x, z) = ip{x, z + cr{x)), 

which satisfies 

{l + \Va\'^)d'^^v + Av-2Va-Vd:,v-d^vAa = in < 0}, (4.8) 

and the following boundary condition 

(1 + iVal^)^^^ -Va-Vv = G{(j)ip on {z = 0}. (4.9) 

Henceforth we denote simply by C^{H^) the space of continuous functions 
in z € [—1,0] with values in H^[T^). By assumption, we have 

V e C^{H'), d,v e C^{H'-^). (4.10) 

There is one observation that will be useful below. 
Lemma 4.11. For k = 2,3, 

d\v E C\H'-''). (4.11) 

Proof. This follows directly from the equation ()4.8p . the assumption ()4.10p 
and the classical rule of product in Sobolev spaces which we recall here. For 
ti,t2 e R., the product maps F*i(T'^) x H^^{T'^) to H\T'^) whenever 

ti+t2>0, t<min{ti,t2} and t < ti + t2 - d/2, 

with the third inequality strict if ti or t2 or —t is equal to d/2 (cf [21]). □ 

We use the tangential paradifferential calculus, that is the paradiffer- 
ential quantization Ta of symbols a(z,x,^) depending on the phase space 
variables (x,^) G 'j'*'^'^ ^nd possibly on the parameter z G [—1,0]. Based 
on the discussion earlier, to paralinearize the interior equation (14. Sp . it is 
natural to introduce what we call the good unknown 

u:=v- Tq^^ a. (4.12) 

(A word of caution: ijj — T^a, which is what we called the good unknown in 
the introduction, corresponds to the trace on {z = 0} of u.) 
The following result is the key technical point. 
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Proposition 4.12. The good unknown u = v — Tg^y a satisfies the paradif- 
ferential equation 

Tii+\^a\^)dlu - 2Ty^ ■ Vd,u + Au- TAad^u = fo, (4.13) 

where 

Proof. Introduce the notations 

E ■.= {! + |Vcjp)52 - 2Vcj • Va^ + A - A(Ta^ 

and 

P ■■= T(^i+\^a\2)dl - 2Tv. • + A - T^^d,. 
We begin by proving that v satisfies 

Ev-Pv- TQ2y iVCTp + 2Tva,„Va + Ta^^Aa £ C°(/f2.-3-f (4_^4) 
This follows from the paralinearization lemma ITHl which implies that 
Va ■ Vd,v - Ty, ■ Vd,v - T^a^y ■ Va G C'^{H'^'-^-'I), 

d.vA^a - Te^yAa - T^^d^v G C\H^'-''-i). 

We next substitute v = u + Tg^^a in ()4.14p . Directly from the definition 
of u, we obtain 

d'^u = dlv - TQ-i^a, 

VdzU = VdzV — Tg2yVa — Tyg2ya, 

Au = Av- Tg^vAa + 2Tsjq^v ■ Vex - T/^Q^^a. 

Since 

(1 + \Va\'^)dlv - 2Vcj • VdzV + Av - Aad^v = 0, 
by using Lemma 14.91 and ()4.1ip we obtain the key cancelation 

T(i4.|VCT|2)?a3„(J - 2rVa7va2j,(T + Tl^S^v(y -Td2v/la(^ ^ C° (//^''"^" 2 ) . (4.15) 
Then, 

Pu-Pv + Ta^yAa - (2rv. • TQ2yVa - 2rva.,Va) G C^F^^-^'f ), 
so that 

Ev-Pu+ (2Tva • Tgiv^a - TQ2y |V(Tp) G C^{H'^'-^-^), 
The symbolic calculus implies that 

2TQ2yTy, ■ Va - TQ2y \Va\^ G C%H'^'-'^"i). 
Which concludes the proof. □ 
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4.3 Reduction to the boundary 

As already mentioned, it is known that, if cr is a C°° given function, then 
the Dirichlet to Neumann operator G{a) is a classical pseudo-differential 
operator. The proof of this result is based on elliptic factorization. We here 
perform this elliptic factorization for the equation for the good unknown. 
We next apply this lemma to determine the normal derivatives of u at the 
boundary in terms of tangential derivatives. 

We have just proved that 
7^(i+|VaP)9'n - 2rv. • Vd,u + An - TAad.u = /o G C''{H^'-''-l). (4.16) 
Set 

1 



l + |Va|2' 

Since b G H'^~^(T'^), by applying Lemma 14.91 we find that one can equiva- 
lently rewrite equation ()4.16p as 

d^,u - 2ns7a ■ Vd,u + TbAu - TbAad.u = fi£ (4.17) 



Following the strategy in [39], we shall perform a full decoupling into a 
forward and a backward elliptic evolution equations. Recall that the classes 
S™(T'=') have been defined in 

Lemma 4.13. There exist two symbols a, A G S^_-|^_^y2(T'^) such that, 

(9. - Ta){d, - Ta)u = fe C\H^'-^-i). (4.18) 
Proof. We seek a and A in the form 

a{x,i)= A{x,i)= M-j{x,i), (4.19) 

0<j<t 0<j<t 

where 

t :=s-3-d/2, 

and 

am, Am G {-t<m< 1). 

We want to solve the system 

a^A :=YakHe = -b\C\^ + r{x,0, 
a + A = Yo'k + Ak = 2b{iVa • ^) + bAa, 



(4.20) 



for some admissible remainder r G rg*(T°'). Note that the notation ft, as 
given in Theorem 14.61 depends on the regularity of the symbols. To clarify 
notations, we explicitly set 

\a\<t+mm{k,£} 
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Assume that we have defined a and A such that (I4.20p is satisfied, and 
let us then prove the desired result (|4.18p . For r G [1, +00), use the notation 

/~ I a: 

\a\<r 

Then, Theorem 14.61 implies that 

Ta^TAi - Ta^i,_^Ai is of Order < 1 + 1 - (s - 1) - ^ = -t, 

TaiTAo - Taj^t.^iAo is of order < 1 + - (s - 2) - ^ = -t, 

TagTAi - Taot,_2Ai is of Order < + 1 - (s - 2) - ^ = -t, 
and, for —t<k,i<0, 

rafer4,-T„,tt,„2+^i„{,_,}A, is of order < A:+^-(s-2+min{A;, ^})-^ < -t-1. 

Consequently, TaTA — Ta^A is of order < —t. The first equation in (j4.20p 
then implies that 

TaTAU-bAue C°{H'+^), 
while the second equation directly gives 

d,TA + Tad.u - (2rbva • va.n - n^^d^u) g c\h'+'). 

We thus obtain the desired result (j4.18p from (j4.17p . 

To define the symbols am,A.m-, we remark first that a'^A = t + lo with 
uj E r|j-"(T'^) and 

EEE ^5^^^"^^ (4-21) 

|a|<s-3+fc+£ 

We then write r = ''"m where is of order m. Together with the second 
equation in (I4.20p , this yields a cascade of equations that allows to determine 
am and Am by induction. 

Namely, we determine a and A as follows. We first solve the principal 
system: 

a^Ai = -h\i\\ 
ai + ^1 = 2i}Na ■ 

by setting 



ai(x, = ibVa ■ ^ - Jb\C\^ - {bVa ■ O^, 



Ai{x, = ibVcj ■ C + Jb\C\^ - {bVa ■ 
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Note that b\^\^ - {bVa ■ (,f > ft^l^p so that the symbols ai,Ai are well 
defined and belong to T],_^_^^2C^'^)- 

We next solve the sub-principal system 

oo^i + aiAo + ^dfttidxAi = 0, 
aQ + Aq = bAa. 

It is found that 

id^ai ■ dxAi — bAaai id^ai ■ dxAi — bAaAi 

ao = -. , ^0 = • 

Ai — ai oi — Ai 

Once the principal and sub-principal symbols have been defined, one can 
define the other symbols by induction. By induction, for — t + 1 < m < 0, 
suppose that oi, . . . , Om and Ai, . . . , Am have been determined. Then define 
and Am-i by 

Am—l — Oim—1: 

and 

where the sum is over all triple (A;, ^, a) G Z x Z x N'^ such that 

m < /c < 1, m<i<l, \a\ = k + I — ra. 

By definition, one has am, Am G ^Y+i+m for — t -|- 1 < m < 0. Also, we 
obtain that t = -b \^\^ and a + A = 2b{iVa ■ ^) + bAa. 

This completes the proof. □ 

We now complete the reduction to the boundary. As a consequence of 
the precise parametrix exhibited in Lemma 14.131 we describe the boundary 
value of dzU up to an error in H'^'^~'^~2~^(T'^). 

Corollary 4.14. Let e > 0. On the boundary {z = 0}, there holds 

{d,u - Tau)U=o G H''~^--2~'{T''), (4.22) 
where A is given by Lemma \4.13\ 

Proof. Introduce w := {dz — Ta)u and write a = ai +a where ai G r2(T'^) 
is the principal symbol of a and a G rQ(T'^). Then w satisfies 

dzW -Ta^w = T~w + f. 

bmce / E C\H^'-^-2), and since Reai < — Er|^|, Proposition 14. lOl applied 
with r = 1 — e implies that 

□ 
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4.4 Paralinearization of the Neumann boundary condition 

We now conclude the proof of Theorem 12.121 Recall that, by definition, 

G{a)^ = (1 + \Va\'^)dzV - Va ■ Vu|^=o. 
As before, on {z = 0} we find that 

We next translate this equation to the good unknown u = v — Tq^^cj. It is 
found that 

with 

a = (1 + \Va\^)dlv - Va ■ Vd^v. 
The interior equation for v implies that 

a = — div(Vt' — dzvVa), 

so that 

(4.23) 

Furthermore, Corollary 14. 141 implies that 

T(i+\va\^)d,u - Tv. . Vu = Ta^u + R, (4.24) 

with R £ H'^'-^-i-^T'^) and 

= {l + \Va\'^)A-iVa ■ i. 

In particular, Ag- G S^_-|^_^^2(T'^) is a complex- valued elliptic symbol of 
degree 1, with principal symbol 

Ai(x,0 = ^{l + \Va{x)m\^-{Va{x)-if. 
By combining (14.230 and ()4.24p , we conclude the proof of Theorem 12.121 

5 Regularity of diamond waves 

In this section, we prove Theorem 12. 5 1 which is better formulated as follows. 

Theorem 5.1. There exist three real-valued functions u^kq^ki defined on 
i:>i2(T2) such that, for all oj = (/x,cr, V') e ^'^(T^) with s > 12, 
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> 



i) if there exist 5 £ [0, 1[ and N £ N* such that 
for all {ki, k2) G with ki > N, then 

and hence {cr,ip) £ C°°(T^) by an immediate induction argument. 

ii) i^iuj) > and there holds the estimate 



+ 



+ 



<c(^\\{a,i;)\\^,,+fi + ^^ \\{a,i^)\\l 



for some non- decreasing function C independent of o", V')- 

We shall define explicitly the coefficients v,kq,k,i. The proof of the 
estimate is left to the reader. 



5.1 Paralinearization of the full system 

From now on, we fix £ > and s > 12 and consider a given diamond wave 
(/i,cr, -0) £ -D*(T^). Recall that the system reads 



- c • Va = 0, 

^ Y7/^1|Y7/|2 1 (VCT-(VV^ + C))^ 



(5.1) 



where c = (1,0) so that c • V = dx^- In analogy with the previous section, 
we introduce the coefficient 

_ Va • (c + vy;) 
l + |Va|2 ' 

and what we call the good unknown 

u := ijj — Ti,a. 

A word of caution: this corresponds to the trace on {z = 0} of what we 
called the good unknown (also denoted by u) in the previous section. 

The first main step is to paralinearize System ()5.ip . 
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Proposition 5.2. The good unknown u = ip — T^a and a satisfy 

Tx^u -Tv-Vcj- Tdivva = /i G H^'^^T^), (5.2) 
r„cj + ryVu = /2Gi/2s-3(r[,2)^ (5.3) 

where the symbol A^- = A(j(j;,^) G $]]_2(T^) is as fifit^en 6?/ Theorem \2.1'A 
The coefficient a = a{x) G R and the vector field V = V{x) G are given 
by 

V := c + V^j -bVa, a := fj, + V ■ Vb. 

Remark 5.3. The Sobolev embedding gives Ao- G S]_2(T^) if and only if 
s N. For s G N we only have Ag- G S]_2_j(T^) for ah e > 0. Since this 
changes nothing in the following analysis, we allow ourself to write abusively 
A^ G S]_2(T2) for ah s > 12. 

Proof. The main part of the result, which is (15. 2|) . follows directly from 
Theorem 12.121 and the regularity result in Remark 12.131 The proof of (j5.3p 
is easier. Indeed, note that for 

F(a,b) = --i — -4t7, 

there holds 



——-2 a, daF = 12 1 I I 12 ' 

1 + ar 1 + ar ^ 1 + a 



Using these identities for a = Vo" and 6 = c + Vip, the paralinearization 
lemma (i.e. Lemma l4.8p implies that 

fia + Tv-Vi^- Tvb ■ Va G H'^'-^{T'^). 

Since s — 1 > d/2, the product rule in Sobolev spaces successively implies 
that 

b = ^^•^" + ^2'^'^ G y = c + W - bVa G F^-1(t2). 

l + |Va|^ 

Then we use Lemma [4.9l (applied with t = s — 1), which implies the following: 

Tvb -Va-Tv Vina) + Ty ■ T^^a = (Tyb - TvU) ■ Va G H^'~'\t'^). 
Similarly, Lemma 14.91 applied with t = s — 2 implies that 

Tv ■ TvbfT - Ty.vbfT G H^'~^{T^). 
As a corollary, with a = + V ■ Vb, there holds 

na + TvVu G H^'-^{T^). 
This completes the proof. □ 
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5.2 The Taylor sign condition 

Let (p be the harmonic extension of ip as defined in §2.H so that 
r 9^0 + A0 = in 0, 



a, 



Vcr • Vc/) - c • Vcr = 



on dVt, 



1 



1 



/ia+-|V0r + -(a3,(/.)^+c- V0 = O onaj^, 
[ (V</.,aj,</.) ^ (0,0) asy^ 



(5.4) 



-oo, 



where ^2 = { (x, y) G x R | y < (T(a;) }. Define the pressure by 

P{x, y) := -fiy - ^\V4>{x, y)\^ - ^{dy4>{x, y)f - c • V(/)(x, y). 

The following result gives the coefficient a (which appeared in Proposi- 
tion [521) terms of the pressure P. 

Lemma 5.4. There holds a{x) = —{dyP){x,a{x)). 
Proof. We have 

a{x) = ^l + {c+{V<i)){x,a{x))) ■ V {{dy(l)){x,a{x))) . 

This yields 

a{x)= ^x+(^y(^\V(t)\^ + c-V(P)+{c + V<t>)-Vcjdl(jyYx,a{x)). 
The Neumann condition dy(j) — Vcj • Vcf) — c ■ Vo" = implies that 

o(x) = dy[fiy + ^\V4>\^ + ^{dy(t>f + c ■ V(t>){x,a{x)) = -{dyP){x,a{x)), 

which concludes the proof. □ 

The Taylor sign condition is the physical assumption that the normal 
derivative of the pressure in the flow at the free surface is negative. The 
equation 

dy(j)-Va - Vcj) - c-V(j) = 0, 

implies that dnP = dyP at the free surface. Therefore, the Taylor sign 
condition reads 

VxGT^, {dyP){x,a{x)) <0. (5.5) 

It is easily proved that this property is satisfied under a smallness assumption 
(see [22]). Indeed, if ||(o-, V)||c2 = 0{e), then 



\\{dyP){x,a{x))+fi\\ 



0{e). 
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Our main observation is that diamond waves satisfy ()5.5p automatically: No 
smallness assumption is required to prove (j5.5p . This a consequence of the 
following general proposition, which is a variation of one of Wu's key results 
([inillG]). Since the result is not restricted to diamond waves, the following 
result is stated in a little more generality than is needed. 

Proposition 5.5. Let /x > and c € R^. // (cr, 4>) is a solution of ()5.4p 
which is doubly periodic in the horizontal variables xi and X2, then the Taylor 
sign condition is satisfied: {dyP){x,a{x)) < for all x G T^. As a result it 
follows from the previous lemma that 

a{x) > 0, 

for all X G T^. 

Remark 5.6. (i) In the case of finite depth, it was shown by Lannes (|27j) 
that the Taylor sign condition is satisfied under an assumption on the second 
fundamental form of the bottom surface (cf Proposition 4.5 in [27]). 

(a) Clearly the previous result is false for /i = 0. Indeed, if ^ = then 
{a,4>) = (0,0) solves dO]) . 

Proof (from fj^ W^)- We have P = on the free surface {y = (y{x)}. On 
the other hand, since > and since Vx,y4> when y tends to — oo, there 
exists h > such that 

P{x, y) > 1 for y < -h. 

Define 

Qf^ = {{x,y) e r2 X R : -/i < y < a{x)}. 

Since P is bi-periodic in x, P reaches its minimum on ri/j. The key obser- 
vation is that the equation Ax^y(j) = implies that 

A^,j,P = -|Vj,,^Vj,,^0|2<O, 

and hence P is a super-harmonic function. In particular P reaches its min- 
imum on drifi and at such a point we have 5„P < 0. We conclude the proof 
by means of the following three ingredients: (i) P reaches its minimum on 
the free surface since P\y=-h > 1 > = P\y=a{x)'^ (ii) P = on the free 
surface so that P reaches its minimum at any point of the free surface, hence 
dnP < on {y = a{x)}; and (iii) dnP = dyP on the free surface . □ 

Remark 5.7. According to the Acknowledgments in [36], the idea of ex- 
pressing a as —{dyP){x,(T{x)) and using the maximum principle to prove 
that —{dyP){x, a{x)) < is credited to R. Caflisch and Th. Hou. 

After this short detour, we return to the main line of our development. 
By using the fact that a does not vanish, one can form a second order 
equation from (j5.2p ~ (j5.3p . 
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Lemma 5.8. Set 

V{x, := -a{xy\V{x) ■ 0^ + i div (^a{x)-\V{x) ■ 0V{^)) ■ (5-6) 
Then, 

Tx^+vueH^'-^{T^). (5.7) 

Remark 5.9. The fact that a is positive imphes that the symbol + V 
may vanish or be arbitrarily small. If o were negative, the analysis would 
have been much easier (cf Section [7.ip . 

Proof. As already seen we have b G H''~^{T'^) and V G ^/'^"^(T^). There- 
fore the product rule in Sobolev space implies that 

a = ^ + y • Vb G H''^{T^). 

Then, by applying Theorem 14.61 with p = s — 3 we obtain that, 

Tvu - (Ty • V + Tdivv) T^-^Tv ■ Vn G H'+^'-^\T^). 

On the other hand, since a, o^^ G -fr*~^(T^), Lemma 14.91 implies that 

T^-iTa — I is of order < — (s — 3), 

and hence 

a - (-T^-iTy • Vn) G H^'-^{T^). (5.8) 
The desired result <\5.7h is an immediate consequence of ()5.2p - ()5.3p . □ 



5.3 Notations 

The following notations are used continually in this section. 

Notation 5.10. i) The set C(o, e) is the set of function / = f{xi,X2) which 
are odd in xi and even in X2- Similarly we define the sets C(o, o), C(e,o) 
and C(e, e). 

ii) The set T{o,e) is the set of symbols a = a(xi, X2, ^^i, ^2) such that 

f a(-xi,X2,-6,6) = -a{xi,X2,Ci,C2), 
\ a(xi,-X2,6,-6) = a(xi,X2,6,6)- 

Similarly we define the sets r(o, o), r(e, o) and r(e,e). 

Remark 5.11. (i) With these notations, by assumption we have o" G C(e, e) 
and ip G C(o, e) so that 

^ = YTW^^ ^ 
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and hence u = tp — T^cr £ C{o,e). Also, we check that the vector field 
V = {Vi,V2) = c + VTp - bVa is such that Vi £ C(e, e) and V2 G C(o, o). 

(m) If u E C(o, e) and a G r(e, e) then Tat; S C(o, e) (provided that TqU 
is well defined) . Clearly, the same property is true for the three other classes 
of symmetric functions. 

To simplify the presentation, we will often only check only one half of 
the symmetry properties which are claimed in the various statements below. 
We will only check the symmetries with respect to the axis {xi = 0}. To do 
this, it will be convenient to use the following notation (as in |22|). 

Notation 5.12. By notation, given z = {zi,Z2) G R^, 

Z* = {-Zi,Z2). 

5.4 Change of variables 

We have just proved that T\^+v £ i?^*~^(T^). We now study the sum of 
the principal symbols of and V. Introduce 

pix,0 = + |Va(x)|2) - (Vaix) ■ ^2 - a{x)-\V{x) ■ 0'- 

By following the analysis in [22], we shall prove that there exists a change 
of variables 3 x ^ x{^) ^ R'^ such that p{x,^x' has a simple 
expression. 

Since we need to consider change of variables x ^ xi^) such that uo x 
is doubly periodic whenever u is doubly periodic, we introduce the following 
definition. 

Definition 5.13. Let x- R^ ~^ R^ be a continuously differentiable diffeo- 
morphism. For r > 1, we say that x is a (T'^)-dijJeomorphism if there 
exists X £ ^(T^) such that 

\/x e r2, x{x) = X + x{x). 

(Recall that bi-periodic functions on R^ are identified with functions on T^.J 
In this paragraph we show 

Proposition 5.14. There exist a C^~'^ (T'^) -diffeomorphism x, o- constant 
v > 0, a positive function 7 G C**~^(T2) and a symbol a G r^_g(T2) homo- 
geneous of degree in ^ such that, for all {x,S,) G x R^, 

p{x,\'{x)C) = l{x){\C\ - uei) + i«(x,06, 
and such that the following properties hold: 



36 



i) X = (x\x^) where S C(o, e) and G ^(6,0); 

ii) a G r(o, e), 7 G C(e,e). 

Proposition 15.141 will be deduced from the following lemma. 
Lemma 5.15. There exists a C^~'^{T'^)-diffeomorphism xi of the form 

such that d solves the transport equation 

V{x) ■ Vd{x) = 0, 

with initial data d{0,X2) = X2 on xi = 0, and such that, for all x S R^, 

d{xi,X2) = d{-xi,X2) = -d{xi,-X2), {deC{e,o)) (5.9) 
d{xi,X2) = d{xi + 27r,X2) = d{xi,X2 + 2iTi) - IttI. (5.10) 

Remark 5.16. The result is obvious for the trivial solution {cr,ip) = (0,0) 
with d{x) = X2- It can be easily inferred from the analysis in Appendix C 
in [22] that this result is also satisfied in a neighborhood of (0, 0). The new 
point here is that we prove the result under the only assumption that (cr, <j)) 
satisfies condition ()2.2p in Definition 12.21 

Proof. Assumption (12.20 implies that Vi{x) / for all x G T^. We first 
write that, if d satisfies V ■ Vd = with initial data d(0, X2) = X2 on xi = 0, 
then w = dx2d solves the Cauchy problem 

V2 fV2\ 
9xiW + —dx^W + Wda:^ y — J = 0, w{0,X2) = l. (5.11) 

To study this Cauchy problem, we work in the Sobolev spaces of 27r£-periodic 
functions H^(T) where T is the circle T := R/(27r£Z). Since 

V2/Vud.,,{V2/Vi) G H'-\T^) C L'^iR;H'~\T)), 

and since s > 4, standard results for hyperbolic equations imply that (|5.1ip 
has a unique solution w G C^(R', H^~'^{T)). We define d by 

d{xi,X2) '■= / w{xi,t)dt. (5.12) 
Jo 

We then obtain a solution of V ■ Vd = 0, and we easily checked that 
d{x)-X2£ fl C^(R;H'~^-^T)). 

0<i<s-2 

The Sobolev embedding thus implies that d{x) — X2 G C'^^'^(R?). 
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We next prove that d satisfies (I5.9|) ~ (l5.10p . Firstly, by uniqueness for 
the Cauchy problem (j5.1ip . using that Vi,V2 are 27r£-periodic in X2 and 
using the symmetry properties of Vi, V2 (cf Remark 15. lip we easily obtain 

w{xi,X2) = w{-xi,X2) = w{xi, -X2) = w {xi,X2 + 2it£) . 

To prove that w is periodic in xi, following [22j, we use in a essential way 
the fact that w is even in xi to write 

W{-TT, X2) = W{+TT, X2), 

which yields, by uniqueness for the Cauchy problem, 

w{xi - vr, X2) = w{xi + vr, X2). 

This proves that w is 27r-periodic in xi. Next, directly from the defini- 
tion (j5.12p . we obtain that d is 27r-periodic in xi and that d satisfies (|5.9p . 
Moreover, this yields 



d {xi,X2 + 2tt£) — d{xi,X2) 



w{x\^X2) dX2- 



Differentiating the right-hand side with respect to xi, and using the identity 
dxiW = — 8x2(^210 /Vi), we obtain 



w{xi,X2) dx2 



2-Ki 



tt;(0, X2) dx2 = 27r£, 



which completes the proof of ()5.10p . 
We next prove that 

Vx G w{x) = dx^dix) 7^ 0. 



(5.13) 



Suppose for contradiction that there exists x G [0, 2tt) x [0, 2ni) such that 
w{x) = 0. Set 

a = inf{xi G [0, 27r) : 3x2 G [0, 27r£] s.t. ■w{xi,X2) = 0}. 

By continuity, there exists y such that w{a,y) = 0. Since w{0,X2) = 1, we 
have a > 0. For < xi < a, we compute that 1/w satisfies 



V2 



V2 



dxi + TTdx2 - 9x2 { TT ] ] — = 0, — (0, X2 



ViJ J w 



1 



1. 



w 



Let < (5 < 1. By Sobolev embedding, there exists a constant K such that 



sup 

{xi,X2)£[0,Sa]x[0,2ne] 



— {xi,X2) 
W 



< K sup 

xie[0,(5a] 



w 
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Therefore, classical energy estimates imply that 

1 , 



sup 

(xi,2.'2)e[0,5a]x[0,27r£] 



W 



<{K + KC)e 



ACa 



with 



C := sup 

a;ie[0,(5a] 



C2(T) 



Therefore, if < xi < a, then 

w{x) > {K + KCy^e~^^''. 

This gets us to w{a,-) > 0, whence the contradiction which proves (j5.13p . 
Consequently, detx'{x) / for all x G R^. The above argument also 
establishes that there exists a constant c > 1 such that, for all x G R^, 



X2 



< d{x) < CX2- 



This implies that xi is a diffeomorphism of R^, which completes the proof. 

□ 



The end of the proof of Proposition 15.141 follows from Section 3 in 
Firstly, directly from the identity V ■ Vd = 0, we obtain 

V{x)-Cx[{x)0=Vi{x)^i, 

and hence 

p{x,'x'i{x)0 = ^l{x,\[ix)0 - a{xr\Vi{x)Cif. 

Our next task is to rewrite X^{x,^Xi{x)0 ™ appropriate form. 
Lemma 5.17. There holds 



(5.14) 



Xl{x,Wi{x)0 = (^x,Wi{x) (^^^ +.r(x,e)6, 

where r £ r^__4(T^) is homogeneous of degree in ^ and such that 

r G r(o, e). 

Proof. This follows from the fact that Aj.(x, *x'i(^)0 is the square root 
of an homogeneous polynomial function of degree 2 in Indeed, write 
X^{x,^Xi{x)0'^ under the form 



XUx,Xl{x)0' = Pl{xm + Pl2{x)ili2 + P2{x)e2- 



(5.15) 



39 



Then 

Ai (x, Vi(a;)0' - P2{x) ICI' = (Piix) - P2{x)) + Pi2{x)iii2. 
Directly from (15.150 applied with C = ^2 := (i), we get 

P2(x) = Ai(x,Vi(x)e2)'. (5.16) 

Since \a > 0, using the elementary identity y/a — \/6 = {a — b)/ {^/a + Vh), 
we obtain the desired result (I5.14p with 

, . {Pl{x)-P2{x))ii+Pi2{x)i2 

"^"^'^^ ' Ai(rr,Vi(x)e) + /FM^lCl ' 

Since d E C*^^(R^), we verify that r belongs to r^_4(T^). It remains to 
show that r(x, ^) G r(o, e). To fix idea we study the symmetry with respect 
to the change of variables (x,^) ^ {x*,S,*) (see Notation 15. 12p . We want to 
prove that r(x*,i^*) = — r(x,^). To see this, r is better written as 

_ .1 mxMim? - P2{x)\c\' 



6 Ai(x,*x'i(x)e) + /fM^i^i 

Note that (|5.9|) implies that *x'i(^'^)C* = [*x'i(^)C]* which in turn implies 
that A^(x*, *Xi(^*)C*) = ^ct(^' *Xi(^)0- Moreover, directly from the def- 
inition of P2 we see that P2{x*) = P2{x). This yields the desired result 
r(x*,^*) = -r(x,0- □ 

Introduce next the symbol pi given by 

Pi{xi{x),0 ■=P(.x,\'i{x)^). 

Lemma 5.18. There exists a constant u > 0, a C^~^{T'^)-diffeomorphism 
X2, 0, positive function M £ C'^~^(T^) and a symbol a £ r^_g(T^) homoge- 
neous of degree in ^ such that, for all (x,^) G x R^, 



Pi 



{x,'x2{x)0 = M(x) - uCl)+i&{x,m, 



and such that the following properties hold: M G C{e,e) and a G r(o, e), 
and X2 is of the form 

X2(xi,X2)=f^^+5~?'?^V (5-1^) 
y X2 + e(x2) J 

where d G C'^~^(T^) is odd in xi and even in X2, and e G C"'~'^(R/27r£Z) is 
odd in X2- 
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Proof. If X2 is of the form (I5.17P , then 



U,,d(x)ei + (i + a,2e(x2))e2, 



By transforming the symbols as in the proof of Lemma 15.171 we find that it 
is sufficient to find > 0, d = d{xi,X2) and e = e(x2) such that 



(1 + 52:^(i(xi,X2))^ = z^r(x)(l + 52:2e(x2)), where r(x) ■= ^^{xi^{x)). 
Therefore, we set 

d{xi,X2)=J^ \J vT{t, X2){1 + dx2e{x2)) dt - xi. 
Then, d is 27r-periodic in xi if and only if, 

Vxa e [0,27r£], ^ v{l + d^^I{x2)) y^r(xi, X2) dxi - 2^ = 0. 



This yields an equation for e = e(x2) which has a (27r^)-periodic solution if 
and only if v is given by 



V — 



2tvI / /-27r ^ \ -2 

f Yr(xi,X2) (ixij dX2. 



Now, notice that there exists a positive constant C such that P2 > C 
(by definition of P2, cf (IHTHD ). > C (by Proposition ES]), > C (by 
the assumption (|2.2p ). Hence, with i^, d and e as previously determined, we 
easily check that X2 is a C'^~^(T^)-diffeomorphism. □ 

To complete the proof of Proposition 15.141 set 
to obtain 

p{x,^x'{x)^) = p{x,\'i{xYx2ixi{x))0 
= Pi{xi{x),''X2(.Xi(.x))£,) 

= M(xi(x)) (lei - ^^j) + ia{xi{x),mi, 



so that we obtain the desired result with 

7(x) = M(xi(x)), a(x, = a(xi(x), 0- 
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5.5 Paracomposition 

To compute the effect of the change of variables x i-^ xix)^ we shall use 
Alinhac's paracomposition operators. We refer to [H Ul] for general theory 
about Alinhac's paracomposition operators. We here briefly state the basic 
definitions and results for periodic functions. Roughly speaking, these re- 
sults assert that, given r > 1, one can associate to a C^(T^)-diffeomorphism 
X an operator x* of order < such that, on the one hand, 

Va G R, n G if"(T2) ^ x*u G i?"(T2), 

and on the other hand, there is a symbolic calculus to compute the commu- 
tator of X* to a paradifferential operator. 

Let 0: R — > R be a smooth even function with (j){t) = 1 for |t| < 1.1 
and (/>(t) = for \t\ > 1.9. For G Z, we introduce the symbol 

</>fc(e) = </.(2-'=(i + iei')^/2), 

and then the operator 

For all temperate distribution / G 5'(R'^), the spectrum of Akf satisfies 
specAfc/ C : 2*=-i < (0 < 2'^+^}. Hence Akf = when fc < 0. Thus, 
one has the Littlewood-Paley decomposition: 

/ = E ^kf. 

Definition 5.19. Let x be a C"'(T^) diffeomorphism with r > 1. By defini- 
tion 

X*f=Y. E Afc ((A,/) o x)) , 
ieN \k-j\<N 

where N is large enough (depending on ||x|lci only, where x{x) = x{x)~^)- 

Two of the principal facts about paracomposition operators are the fol- 
lowing theorems, whose proofs follow from [l] by adapting the analysis to 
the case of C^(T^)-diffeomorphisms. The first basic result is that x* is 
operator of order < which can be inverted in the following sense. 

Theorem 5.20. Let x be a -diffeomorphism with r > 1. For all a > 0, 

f G H'^iT^) if and only if x* f e H'^{T'^). Moreover, x*{x'^)* - I is of 
order < — (r — 1). 

This theorem reduces the study of the regularity of u to the study of 
the regularity of x*u- To study the regularity of x*^ we need to compute 
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the equation satisfied by x*u- To do this, we shall use a symbolic calculus 
theorem which allows to compute the equation satisfied by x*^ hi terms of 
the equation satisfied by u (in analogy with the paradifferential calculus). 
For what follows, it is convenient to work with (x~"^)*- 

Theorem 5.21. Let mER, r>l, /9>0 and set a := inf{p, r — 1}. 
Consider a [T'^) -diffeomorphism x o-nd a symbol a S $]^(T^), then there 
exists a* € 'S^(T'^) such that 

ix'^)*Ta - Ta*{x'^)* is order < m - a. 

Moreover, one can give an explicit formula for a* : If one decomposes a as 
a sum of homogeneous symbols, then 

a*(x(x),r?)=^^a|'a„_,(x,*x'(x)r/)5-(e**-(^>'')|,=„ (5.18) 

where the sum is taken over all a G such that the summand is well 
defined, x'i^) the differential of x, t denotes transpose and 

^x{y) = x{y) - X{x) - x'{x){y - x). (5.19) 



5.6 The first reduction 

We here apply the previous results to perform a first reduction to a case 
where the "principal" part of the equation has constant coefficient. 

Proposition 5.22. Let x be as given by Proposition 5. 14-. Then {x^^)*u 
satisfies an equation of the form 

[\D,\ + vdX + + Tb) {x-^)*u = / G i?^+2(T2), (5.20) 

where A G r°_6(T^) and B G S°_e(T^) are such that: 

i) A is homogeneous of degree in ^; B = Bq + B^i where B^ is homoge- 
neous of degree I in ^; 

ii) A G r(o, e) and Bi G r(e, e) fori = 0,1. 

Remark 5.23. (i) For what follows it is enough to have remainders in 
i7^+^(T^). From now on, to simplify the presentation we do not try to give 
results with remainders having a regularity higher than what is needed. 

(ii) A G r(o, e) and B£ G r(e, e) is equivalent to the fact that the symbol 
of \Dx \ + 1^(9^^ + TaOxi + Tb is invariant by the symmetries 

(j;i, j;2,6,6) ^ (-a;i,X2,-6,6), 
(a;i,a;2,6,6) ^ {xi, -X2, ^1,-^2)- 
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Proof. We begin by applying the results in §5.51 to compute the equation 
satisfies by {x'~^)*u. Recall that, by notation, V is as given by (j5.6p and 

p{x,0 = v/(l + |Va|2) - (Va • - aixrHvix) ■ 0'- 

We define A* by ()5.18|) applied with m = 1 and p = s — 1. Similarly, we 
define V* and p* by (|5.18p applied with m = 2 and p = s — 4. To prove 
Proposition 15.221 the key step is to compare the principal symbol of p* with 
A* + V*. 

Lemma 5.24. There exist a e T^,_q{T'^) and b = bo + b^i e S0_g(T2) and 
a remainder r G S~_^g(T^) such that 

XUxix),0 + V*ixix),0 = Pix, 'xix)0 + iaix, 06 + Hx, + r{x, 0, 
and such that a £ T{o, e), b £ r(e, e). 

Proof. The proof is elementary. We first study X*{x{x),^). Since Ao- is a 
symbol of order 1, to obtain a remainder r which is of order —2, we need 
to compute the first three terms in the symbolic expansion of A*. To do 
this, note that there are some cancelations which follow directly from the 
definition (f5T9]) : 

\a\ = l ^a-(e^*^(^>«)|,=, = 0, 

2 < |a| < 3 5-(e^*^(j')-«)|,=, = id^{x{x) ■ 0, 

\a\=4 a,"(e^*-(^)-«)|,=,. = id^ixix) • - (x(^) " OdJixix) ■ C), 

where in the last line the sum is taken over all decompositions /? + 7 = a 
such that 1/3 1 = 2 = |7|. Therefore, it follows from (jS.lSp that 

K{x{x),i) = \l{x, 'x'{x)i) + 6o(x, + b.i{x, + r{x, i), (5.21) 
where r G S^_^g(T^) and 

6o(x,e) :=A0(x,V(x)O-* E -,{dtXl){x,'x:{x)mx{x)-i, 

\a\=2 

6_i(x,e):=A;i(x,V(x)0+E E T^(9fAi)(x,V(x)eR"x(^)-e 

t=0 \a\=2+l 

l/3|=2=|7l 

Recall that x = {x^^X^) where x^ is odd in xi and even in X2, and 
X^ is even in xi and odd in X2. Therefore, to prove the desired symmetry 
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properties, it is sufficient to prove that X^, X^, are invariant by the two 
changes of variables 

(a;i,a;2,6,6) ^ (-a;i,a;2,-6,6), 
(xi,X2,6,6) ^ {xi,-X2,Ci,-^2)- 

We consider the first case only and use the notation 

Observe that, since a* = a, it follows directly from the definition of the 
Dirichlet to Neumann operator (see (|2.11|) ) that 

On the symbol level, this immediately gives the desired result: 

A,(x^n = A.(x,e). 

Alternatively, one may use the explicit definition of the symbols given 
in the proof of Lemma 14.131 

Since, by notation, 

V{x,0 ■■= -a{x)-\V{x)-0^ + (^a{x)-\V{x) ■ OV{x)'^ , 
the same reasoning implies that 

V*{x{x),0 = -a-\V{x) ■ \'{x)0^ + ia{x)-\V{x) ■ \'{x)0 div V{x) 
+ ia{x)-^ {V{x) • VV{x)) ■ \'{x)C 
+ ia{x)-^ ^ Vk{x)Ve{x)d,,dMx) ■ 0- 

l<k,e<2 

Gathering the last two terms in the right-hand side we thus obtain 

V*(x(x),0 = -a-\V{x) ■ \'{x)0^ + ia{x)-\V{x) ■ \'{x)0 divy(x) 

+ ia{x)-'^V{x) • V {V{x) • *x'(2;)C) 

and hence, by construction of X: it follows that 

V*{x{x),0 = -a{xr\V{x)-\'{x)0^ + ia{x,^)^i, 

where a G r3_5(T^) is such that a G r(o, e). This completes the proof of 
Lemma [Oil □ 

We now are now in position to prove Proposition 15.221 By using Theo- 
rem 15.211 it follows from Lemma 15.241 and Proposition 15.141 that 

(r^(|Z),| + i^dlj + T^+ad,, + r,) ix-^u e h'+\t^). 

We thus obtain (fOOD with A = {a + a)/j and B = 6/7. □ 
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5.7 Elliptic regularity far from the characteristic variety 

As usual, the analysis makes use of the division of the phase space into 
a region in which the inverse of the symbol remains bounded by a fixed 
constant and a region where the symbol is small and may vanish. Here we 
consider the easy part and prove the following elliptic regularity result. 

Proposition 5.25. Let x be the diffeomorphism determined in Proposi- 
tion \5.lJ[ Consider B = &{£,) homogenous of degree and such that there 
exists a constant K such that 

161 >i^l6l ^e(6,6) = 0. 

Then, 

e{D,){{x-yu) G F^+2(t2). 

Remark 5.26. Note that, on the characteristic variety, we have |6| ~ v^l- 
On the other hand, on the spectrum of Q{Dx){{x^^)* u), we have |.^2| < 
X Therefore, the previous result establishes elliptic regularity very far 
from the characteristic variety. 

Proof. Recall that {x^^)*'^ satisfies (I5.20p . Set 

■■= lei - i^fi + iM^, 06 + Bix, 0- 

We have 

T^iix-')*^) e H'^Ht'). (5.22) 
Note that |p(x,OI ^ for some constant c > for all (x,0 such that 

161 16 1 and |e|>M, 

for some large enough constant M depending on sup^.^^ |^(x,6l + l-S(x,6|- 
Introduce a C°° function such that 

6(6 = for 1^1 < M, 
9(6 = 6(6 for lel > 2M. 

Since 6 and 6 differ only on a bounded neighborhood of the origin, we have 

e{D,){{x~'yu) - @{D.,){{x-yu) G C-(T2). 

Note that, since 6 is positively homogeneous of degree 0, 6 belongs to our 
symbol class (6 G rO(T2) for all p > 0). Set 
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According to Theorem 14.61 applied with {m,m',p) = (2,-2,2), then, 
On the other hand, since Tq is of order < 0, it follows from ()5.22p that 

Which completes the proof. □ 

5.8 The second reduction and the end of the proof of 

Theorem [231 

We first set a few notations. Introduce a C°° function rj such that < r/ < 1, 

rj{t) =0 for t G [-1/2, 1/2], r]{t) = 1 for |t| > 1. (5.23) 

Given /c G N, denotes the Fourier multiplier (defined on 5'(R'^)) with 
symbol ??('Ci)(iCi)~'^- Note that, if / is 27r-periodic in xi, then 

1 /■^'^ 



1 /■^'^ 

^2i/ = /-^y^ f{xi,X2)dX2, 



and 

idxif)ixi,X2)=J^ (■^*^^'^^'' ~ fixi,X2)dxi^ ds. 

In particular, dxid~^f = d^^f = f if and only if / has zero mean value 
in rci. We also have 

It will be convenient to divide the frequency space into three pieces so 
that, in the two main parts, is either positive or negative. To do this, we 
need to use Fourier multipliers whose symbols belong to our symbol class, 
which is necessary to apply symbolic calculus in the forthcoming computa- 
tions. Here is one way to define such Fourier multipliers: consider a C°° 
function J satisfying < J < 1 and such that, 

J{s) = for s < 0.8, J{s) = 1 for s > 0.9, (5.24) 

We define three C°° functions jO) J- and j+ by 



2\i\ y ^-^^^ V 2\i\ 

and then the Fourier multipliers 

jm^)f{i)=je{i)m (eG{o, -,+}). 
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Note that there are constants < ci < C2 such that 

6<ci|6l ^j+(e) = 0, e2>C2|6l ^j+(0=l, (5.25) 

6 > -ciieiKi^(e) = 0, e2<-c2|6l^j-(0=i- (5.26) 

Also, note that j± is positively homogeneous of degree and hence satisfies 

5fj±(6| <c„icr'"'- 

In view of ()5.25p and (I5.26p . Proposition 15.251 implies that 

JoiD,)iix-yu) G H-^+\T^). (5.27) 

As a result, it remains only to concentrate on the two other terms: 

J±P.)((x-')*n). 

Here is one other obvious observation that enable us to reduce the analysis 
to the study of only one of these two terms: Since {x~^)*'^ is even in X2, we 
have 

(?T^^(6,6) = (x^«(6,-6), 

Therefore, 

j-{Dx) (^{x^^)*u^ s-iid j+(Da;) ^(x^^)*ti) have the same regularity. 

(5.28) 

Consequently, it suffices to study one of these two terms. We chose to work 
with 

We shall prove that one can transform further the problem to a linear 
equation with constant coefficients, using the method of looss and Plot- 
nikov [22] . The key to proving Theorem 15.11 is the following. 

Proposition 5.27. There exist two constants k, k' € R and an operator 

0<i<4 

where cq, . . . ,C4 E C"^(T^)^ and \co\ > 0, such that 

+ i^dl^ +K + K'd^^) ZJJ £ H'+^{T^). (5.29) 
Proof. Proposition 15.271 is proved in §5.91 and §5.101 □ 
We here explain how to conclude the proof of Theorem 15.11 
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Proof of Theorem \5.1\ given Proposition 5.27 Since the symbol of the oper- 
ator —idx2 + ^^xi + ^ + i^'d^^ is ^2 — I'^.i + n — i^'^i'^, we set 

Assume that there exist 5 £ [0, 1[ and N £ N* such that, 



> 



1 



k 



2+5 • 



> 



1 

2+S' 



for all k £ with ki sufficiently large. 

Directly from the definitions of the coefficients, this assumption implies 

that 

+ K, ^ 

ei - iei 

for ah ^ = (^1,^2) G N X (^^^N) with ^1 sufficiently large. Since > 0, the 
previous inequality holds for all G Z x l^^Z with sufficiently large. 

Now, since |^| ~ i^^f on the set where the above inequality is not satis- 
fied, this in turn implies that, 



> 



(2+5)/2 ' 



(5.30) 



for all ^ G Z X (£ ^Z) with |^i| sufficiently large. 
Similarly, we obtain that 



> 



^|^|(3+5)/2' 



(5.31) 



for 1^1 1 sufficiently large. 

To use these inequalities, we take the Fourier transform of (|5.29|) : 



SI 



A key point is that ZcU is doubly periodic. Thus, if ^ belongs to the support 
of the Fourier transform of ZcU, then ^ G Z x (£~^Z). Therefore, it follows 
from (fOUIl and (lOTTl that, 



ZcC/ G i?'+^~t(T^), dx,ZcU£H' 



It follows that 
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In view of ()5.27p and (I5.28p . we end up with 

{x-')\^H^^'-kT'), (5.32) 
a,,((x"^)^)G/^^+^-^(T2). (5.33) 

Direclty from ()5.32p . by using Theorem 15.201 we obtain 

ue H'+^-l{T^). (5.34) 

We next claim that 

Tv -Vue H'+^-^T'^). (5.35) 

To prove (15.350 , we first note that Theorem 15.201 imphes that it is enough 
to prove that 

(x-^)*(Ty.Vu)Gi/^+^f(T2). 

To prove this result, we shall apply our second theorem about paracompo- 
sition operators. Indeed, define the symbol a by 

a*{x{x),r]) = V{x) • {iWx)ri^ ■ 
Theorem 15.211 implies that 

{X~T'^V - ^ -Ta'ix'^)* is of order < 0. 
Consequently, in view of (I5.34p . we obtain 

{x^'YTv ■ Vu - Ta* {x^^u e (T^). (5.36) 

Now, directly from the definition of x (see §3.ip . we compute that 

a*{x{x),r]) = ia{x)^i with a{x) = Vi{x) (l + dxid{xi{x))j . 
Therefore, (|5.33p implies that 

Ta*{x-')*ueH^+-2-HT'). 
Consequently, the claim (|5.35p follows from (|5.36p 

Now recall that we have proved that (cf ()5.8p ) 

a + T^-iTv • Vu e H^'-^{T^). (5.37) 
Since T^-i is of order < 0, by using (j5.35p we obtain 
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and hence 



1 



a G F"+2-2(T^). (5.38) 
Since is of order < 0, this yields 

Tfacj G i7"+5-|(T2). (5.39) 

Writing ip = u + T^,a (by definition of u), from (j5.34p and (|5.39p we deduce 
that 

G i7^+^-|(T2). 

This completes the proof of Theorem 15.11 and hence of Theorem 12.51 □ 

5.9 Preparation 

We have proved that there exist a change of variables x ^ x(^) ^iid two 
zero order symbols A = A{x,S,) and -B(x,^) such that 

(\D,\ + udl + TaO^, + Tb) (x-')*u = / G H'+\T^). (5.40) 

We want to prove Proposition 15.271 which asserts that it is possible to con- 
jugate (|5.40p to a constant coefficient equation. Since the symbols A and B 
depend on the frequency variable, one more reduction is needed. 

In this paragraph we shall prove the following preliminary result towards 
the proof of Proposition 15.271 

Proposition 5.28. There exist five functions 

aj = aj{x) eC'-^-^{T^) (0 < i < 4), 

where 

aj is odd in xi for j G {0,2,4}, aj is even in xi for j G {1,3}, 
such that 

0<J<4 / 

where recall that U = j-^-{Dx){{x~^)*u). 

To prove this result, we begin with the following localization lemma. 
Lemma 5.29. Let A = A{x,(,) and B = B{x,i) be as in ([OO]) . Then, 

{\D,\ + i^dl+TAd^,+TB)u e H'+\T^). (5.41) 
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Proof. This follows from Corollary 15.221 and Proposition 15.251 Indeed, since 
j+ is positively homogeneous of degree 0, it is a zero-order symbol. Accord- 
ing to Theorem 14.61 (applied with o = b = -|- B{x,S,) and 
{m,m',p) = (0,1,3)), then, 

j+{D,){\D,\+udl+TAd,,+TB){{x-T^) 

1<|«|<2 

with / G H^^^{T'^). Corollary 15.221 imphes that the left hand side belongs 
to H^~^'^(T^). As regards the second term in the right hand side, observe 
that 

I6l>^l6l^%+(0 = o. 

Moreover d^j+{^)d^b{x, ^) is of order < in ^. Hence, by means of a simple 
symbolic calculus argument, it follows from Proposition 15.251 that 

This proves the lemma. □ 

We are now in position to transform the equation. To clarify the artic- 
ulation of the proof, we proceed step by step. We first prove that 

i) \Dx \ U may be replaced by —idx2U {—idx2 Fourier multiplier with 
symbol +^2)- This point essentially follows from the fact that |^| ~ ^2 
on the support of j+(^). 

ii) One may replace the symbols A and by a couple of symbols which 
are symmetric with respect to {^2 = 0} and vanish for |^2| < |?i| /5. 
The idea is that, since C/(^) = for ^2 < |^i| /2, for any c < 1/2 one 
may freely change the values of A{x,(^) and B{x,(^) for ^2 ^ 

Lemma 5.30. There exists two symbols A e r°_g(T2),S e S°_q(T2) such 
that 

+ ,,dl + T^dx, +T^)ue H'+\T^), (5.42) 

and such that 

i) A is homogeneous of degree in B = Bq + B^i where B^ is homoge- 
neous of degree I in ^; 

ii) i(x^e) = -i(x,0 and B{x\C*) = B{x,^); 

iii) A{x,Ci,-^2) = A{x,Ci,C2) and B{x, ^1,-^2) = B{x,Ci,C2); 

iv) A{x,0 = = B{x,0 for 161 < 161 /5. 



52 



Proof. The proof depends on Lemma 15.291 and the fact that the Fourier 
multipUer j^(Dx) is essentially a projection operator. Namely, we make use 
of a function J' satisfying < J' < 1 and such that, 

J'{s) = for s < 0.7, J'{s) = 1 for s > 0.8, 

and set 

4(0 ^.(^). 

Then (0 = for |6| < |6| /5, and 

MOj+iO = J+iO, j'-iOj+iO = 0. (5.43) 
With A = A{x,C) and B = B{x,(,) as in (lOOll . set 

i(x,ei,6) = y+(o (^(^,6,6) - 
+y„(0 (a{x,ci,-^2 



^(x,ei,6) = y+(e)i?(^,6,6)+y-(o^(^,ei,-e2). 

Note that these symbols satisfy the desired properties. 
On the symbol level, we have 

On the other hand, by the very definition of paradifferential operators, for 
any couple of symbols ci = ci{x,^) and C2 = C2(0 depending only on ^, we 
have 

Therefore, by means of ()5.43p we easily check that 

(-id,, + vdl^ + T^d,, +Tj,)u= {\D,\ + vdl^ + TaO,, + Tb) u. 

The desired result then follows from (I5.41|) □ 

To prepare for the next transformation, we need a calculus lemma to 
handle commutators of the form [Tp,d~^]. Note that ??(Ci)(^^i) "' does not 
belong to our symbol classes. However, we have the following result. 

Proposition 5.31. Let p e F^iT^) and v G H-°^iT'^) be such that 
If 

Tpvdxi = 0= vdxi, (5.44) 



— 7T 
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then 

where f G H'+'^{T^). 

Proof. We begin by noticing that ()5.44p implies that 

dx^TpV = TpV, dl^v = V, 

and hence 



(dxiTpV - Tpd^^vj = TpV - Ta^^pd^^v - TpV = -Ta.^pd^^v. 
Since u = dx^U imphes U = d~^u, this yields 

d-^v - Tpd-^v = -d-^Ta^^pd-^v. (5.45) 
To repeat this argument we first note that, by definition of , we have 

d~^v dxi = 0. 

On the other hand, 

j Ta^^pd'^vdxi = J dx^ (Tpd'^^v^ - Tpd^^vdxi 

= I dx^ (Tpd'^v) dxi - I Tpvdxi 
= 0, 

by periodicity in xi and (j5.44p . We can thus apply (|5.45|) with {p, v) replaced 
by {dxiP, d~^v) to obtain 

dx'Ta^,pd~,'v - Ta^^pd-^v = -d-^Tai^pd-^v. (5.46) 

By inserting this result in ()5.45p we obtain 

dx^TpV = Tpd-^v - Ta^^pd-^v + d-^Tg2^pd-^v. 

By repeating this reasoning we end up with 

dxi = Tpd'^v - Ta^^pd'^v + Ta2^pd-^v - Taz^pd'^v + f, 

where 

/ = Tai^pd'^v - d'^Tai^pd^^v. 

By assumption d'^v £ if^+^^T^) and d^^p £ T^{T^) so that Ta^^p is of order 
< 0. Therefore we obtain / G ff'^+^(T^), which concludes the proof. □ 
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We have an analogous result for commutators [Tp^d^^] for 2 < j < 4. 

Corollary 5.32. Let p G rl{T^) and v G H-'^{T^) be such that d'^v G 
H'+^{T^). If 



TpV dxi = 0= / 

-TT J — TV 



V dxi, 



then 



dx^TpV = Tpd^^v - Tg^^pd^^v + TQ2^pd^^^v + /a, 
9-3 V = Tpd-^'v - Te^^pd-^v + h, 
dx^TpV = Tpd-^v + U, 

where f2,h, he H'+\T^). 

Proof. This follows from the previous Proposition. □ 

An important remark for what follows is that dx^ and do not have 
the same weight. Roughly speaking, the form of the equation (j5.40p indicates 
that 

vdl^ ~ \Dx\ ~ \dx2\ ■ 
In particular, we shall make extensive use of 

v-'d-^^\Dx\-\ 

The following lemma gives this statement a rigorous meaning. 

Lemma 5.33. There holds dx^U G H'+'^{T^) and d'^U G H'+'^{T'^). 

Proof. Recall that A{x*,£,*) = —A{x,^) and that U is odd in xi and 27r- 
periodic in xi, so we have 

j TAdx^Udxi = 0, I dx^Udxi = 0, f U dxi = 0. (5.47) 

J —TV J —TT J — TV 

Since 

\Dx\U + iydlU + TAdx,U + TBU € H'+^ (T^) , 
by applying A'^d'^ with A"^ = Tj^pi; we have 

d-^^U = -uA-^U - A~^d-^{TAdx,U) - A-^Ox^HTbU) + F, 

where F G -ff*^^(T^). The first term and the third term in the right hand 
side obviously belong to H^~^^{T'^). Moving to the second term in the right- 
hand side, in view of (|5.47p . the argument establishing (j5.45p also gives 

d~^'TAdx,U = O-^'TaU - d-^'T9^^AU. 
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Hence, using that d^^ ^Ta and Tq^^a are of order < 0, we have that 

d-^TAd^,U eH\T^), 
so that K-^d-^{TAd^^U) G i7"+i(T2) and hence 

d~^U eH'+^{T'^). (5.48) 
To study d~^U we start from 

-K-^d-^{TBU)+d-^F, 

We have just proved that the first term in the right hand side belongs to 
i?^"'"^(T^). With regards to the second term we use the third identity in 
Corollary 15.321 to obtain 

d-^{TAd:,,u) - TAd-^u e H'^^T^). 

On the other hand, by symbolic calculus, A^^Ta — T^A^^ is of order < —2. 
Hence, 

A-^d-^\TAd,,U) - TaA-^O-^^U G H'+\T^). 
In view of (j5.48p this yields 

A-'d-^\TAd,,U) e h'+Ht^^)- 

Similarly we obtain that A-^d^^^iTsU) £ H''+'^{T'^). We thus end up with 

d-;'U G H'+\T^), 

which concludes the proof. □ 

The following definition is helpful for what follows. 

Definition 5.34. We say that an operator R is of anisotropic order < —2 
if R is of the form 

R = RqA-'^ + RiA-^d-^ + i^29-^ 

where Rq,Ri and R2 are operators of order < and 

It follows from the previous lemma that operators of anisotropic order 
< —2 may be seen as operators of order < —2. Namely, the previous lemma 
implies the following result. 

Lemma 5.35. If R is of anisotropic order < —2, then RU G -?/*+^(T^). 
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With these prehminaries established, to prove Proposition 15.281 the key 
point is a decomposition of zero-order symbols. We want to decompose 
zero-order operators as sums of the form 

0<j<4 

where Ta^ are paraproducts {aj = aj{x) does not depend on ^) and R is 
of anisotropic order < —2 plus an admissible remainder. More generally, 
we consider below symbols of order — 2 < m < and not only zero-order 
symbols. 

Lemma 5.36. Let m G {0,1,2} and p > 0. Let S e r-™(T2) be an 
homogeneous symbol of degree —m in £^ such that 

and such that, for some positive constant c, 

161 <c 161 ^^(x, 6 = 0. 

Then, for all v whose spectrum is included in the semi-cone {6 ^ c|6|}; 

4 

Tsi.,odx^v = Ts^(.)dl;^v + Qi-id,, + vdl^)v + Rv, (5.49) 

j=2m. 

where R is of anisotropic order < —2, 

Sj{x) = -^{di^S){x,0,l), (5.50) 

and 

4 

k=2m+l 

where G r~"^(T^) for 1 < k < A is explicitly defined in (15.550 below and 
satisfies 

gfc(2;,6,-6) =%-(a;,6,6), (5-51) 

and 

161 < ||6| ^'7fe(a:,6 =0. (5.52) 

Remark 5.37. This is a variant of the decomposition used in [22j. The 
main difference is that, having performed the reduction to the case where 
6 — 16 1 /2, we do not need to consider the so-called elementary operators 
in [22]. Hence we obtain a decomposition where the S'j's do not depend on 6 
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Proof. The proof is based on the following simple observation: ^ ^ is 
transverse to the characteristic variety. We prove Lemma 15.361 for m = 0. 

Let Jc be a real-valued function, homogeneous of degree such that 
Jc{^i^^2) = ^c(Ci,-6) and 

J,(0 = for 161 < I 161 , JciO = 1 for 161 > cieil 

(so that Jc{C)S{x,0 = S{x,0 and Jc{Dx)v = v). We shall prove that 

4 4 

=E^5,w5-/Jc + E^a.(-,0^-t (5-53) 

jr=0 k=l 

where Sj , qk are as in the statement of the lemma and R' is such that the 
operator R'dx^ is of anisotropic order < —2. This yields the desired result 
()5.49p since JcV = v and \dx2 \ v = —idx2V by assumption on the spectrum 
oiv. 

For m = 0, 5" is an homogeneous symbol of degree in ^. By the 
symmetry hypothesis 5(x,6;?2) = S{x, ^1,-^2), we can write S{x,0 as 



S{x,0 = S ^x, 



(if 6 = then S{x,0 = by assumption) so we have 

Six, 6 = E ^(dlM-^ 0> 1) (^1^)' + r , (5.54) 



j=0 

where r is given by Taylor's formula. 
Next, by setting 

m ■■= 161 -^e?, 

we claim that, for 1 < A; < 4, there exists a Fourier multiplier QkiDx) of 
order < — 1 such that, 



To see this, write 

161 ^^161^' 161' V 1^161 J ' 161' V H6I J 

to obtain the desired identities with Qj{6.) = JciOQjiO where 

^'^^^- ' 
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where ci := 3 — 6u -\- 4i/^, C2 := 3v + Gv^ — 8z^^, C3 := 3z^^ + 4i^^ and C4 := i^^. 
Similarly, we have 

^jr-\ = — r^+'35(0^(6 with ^5(0 := ^— ^ . 

V 142 1 / I/-* 142 1 T^'^ 142 1 

Our analysis of (|5.54|) is complete; by inserting the previous identities in 
()5.54p premultiplied by Jc(4)^(4i)^4i ^'^^ next by dividing by i^i; we obtain 
the desired decomposition (|5.53p with qkix,^,) = ^c(4)9fc(3;, 4) where 



' 161 I42I 



|2 



+ ^4i 



'il^253(^)^^ „S2{x) (C3|6l+C44l)54(3;) 



1^21' 161' 161' 



(5.55) 



^^^161 i42r 



Q4{x,0 



y2 
g3(x) 

161' 

-Ci54(x) 

^^^161 ■ 



Note that each term making up qkix,^,) is well-defined and C°° for 4 7^ 
and homogeneous of degree —1 or —2 or —3 in 4, so G r~^(T^). □ 

We are now prepared to conclude the proof of Proposition 15.281 We 
want to prove that there exist five functions 

aj = aj{x) e C'~^-^{T^) (0 < j < 4), 

where 

aj is odd in xi for j £ {0, 2, 4}, aj is even in xi for j G {1, 3}, 
such that 

id,, + udl + J2 Ta,dl;A U G H-^+\T'). (5.56) 

0<i<4 / 

To this end, since A and B satisfy properties iii) and iv) in Lemma [5. 30 1 
since U = d^JJ and since the spectrum of U is contained in the semi-cone 
{42 > I |4i|}) we can use the above symbol-decomposition process to obtain 
for U an equation of the form 

{I + Q)(-id,,U + udl^u)+ J2 T^A:'U = feH'+\T^), 

0<j<4 
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where aj G C"-^{T^) and 



k=l 



where qk € r;ie(T2^ 
Write 



\ 0<i<4 / 0<i<4 

Now, by using Proposition 15.311 and its corollary 15.321 notice that we can 
write the term QJ2o<j<iTajd}^~^U under the form 

where F £ H^+'^{T^) where the sum is taken over indices k, j, £ such that 
1 < < 4, < j < 4 and 

j + k + e<3. 

Indeed, for those indices such that j+k+i > 4 the operator Tq^Tgi^ aj(^x~[''~^~'^ 
is of anisotropic index < -2 and hence Tg^^Tge aj'^xi^~'^~^U ^ //'^^^(T^), 
so that these terms can be handled as source terms. Next, noticing that 
Tg^Tge ^. — Tg^gi is order less than —3, this implies that we have 

0<i<4 0<p<4 

for some symbols Sp of order —1 in ^, with regularity s — 8 in x and satisfying 
the spectral assumptions in Lemma 15.361 As a consequence, by applying 
Lemma 15.361 we obtain 

Q E To^A~.'U= E Tp^(.)dl-''U + Q'{-id^,+udl^)u + B!U, 

0<j<4 2<fc<4 

where j3k € C^~^(T^), R' is of anisotropic order < —2 and Q' is of the form 

4 



fc=3 



where is of order —1 in ^ (and regularity ^ in x). Then 

{I + Q-Q')[-idx,+udl^+ T^A~,'- E 

\ 0<j<4 2<fc<4 / 

2<fc<4 0<i<4 
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Again, one has 

2<fc<4 0<i<4 

Now (Q — Q')T^^d~^ is of anisotropic order < —2. This yields 

\ 0<i<4 / 

where Q = Q — Q' and 

ao = ao, ai = ai, 02 = 02 — P2, as = "3 — /^Sj 04 = 04 — /?4 + 74. 
Now we have an obvious left parametrix for / + Q, in the following sense: 

(^I-Q + Q^-Q^){I + Q) = I- Q\ 
where is of order < —4 so that 

\ 0<j<4 / 

This gives (f536]l . 

The symmetries of the coefficients aj can be checked on the explicit ex- 
pressions which are involved. Indeed, it follows from (I5.50|) that the function 
s = {sq, . . . ,84) given by Lemma fS . 36 1 sat isfies the same symmetry as 5 does: 
given e E {—1, +1} and < j < 4, we have 

S{x\e) = eS{x,0 Sj{x*) = e{-iySj{x). 

This concludes the proof of Proposition I5.28[ 

5.10 Proof of Proposition 15.271 

Given Proposition 15.281 the proof of Proposition [5^271 reduces to establishing 
the following result. 

Notation 5.38. Given five complex- valued functions oq, . . . ,04, we define 

0<i<4 

Proposition 5.39. There exist two constant k, k' G R and five functions 
Co, . . . , C4 with Cj G C®^'' (T^) satisfying \co\ > and 

Ck is even in xi for k G {0,2,4}, Ck is odd in x\ for k £ {1,3}, (5.57) 

such that 

Zc (-id^, + vdl^ + Zado^,)u = [-id^, + ud^^ + k + n'd'^^) ZJJ + /, (5.58) 
where f £ H'+^{T^). 
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Proof. The equation ()5.58p is equivalent to a sequence of five transport equa- 
tions for the coefficients Cj (0 < j < 4), which can be solved by induction. 
Indeed, directly from the Leibniz rule we compute that 

{—idx2U + vd^.^ + K + K'd~^)ZcU — Zc{—idx2U + z^S^Ju = Z^dxJJ, 

where 

5q = 2udx^co, 

5i = 2vdx^ci - idxiCo + fdl^co + cqk, 

82 = 2vdx^C2 - idx2Ci + I'dl^ci + cik, 

63 = 2udx^cz - idx2C2 + i^dl^C2 + C2K + cqk', 

5^ = 2udx^Ci - idx^c^ + i^d^^c^ + C3K + cik! . 

On the other hand, if (j5.57p is satisfied, then we can apply Proposition 15.31] 
and its corollary to obtain 

Z^Zadx,U = Zs>dx,U + f, 

where / G H'+'^{T'^) and 

4= E ci{-dxT(^n (0< A;,/,m,n<4). 

l+m+n=k 

Hence, our purpose is to define c = (cq, ... ,04) satisfying ()5.57p and two 
constants k and k' such that 

5 = 6'. 

Step 1: Definition of cq. We first define the principal symbol cq by solving 
the equation 5q = 5q, which reads 

2vdx^co = coao- 

We get a unique solution of this equation by imposing the initial condition 
co(0, X2) = Cq{x2) on xi = 0, where Cq is to be determined. That is, we set 

co(a;) = Co(a;2)e^(-')/(2-), 

where 

Since oq is odd in xi, we have /^^ ao dxi = and hence 

Note that, directly from the definition, we have 

7GC^-6(t2), 7GC(e,e), T 7^x1=0, 7(x) G iR. 
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Step 2: Definition of ci, Co and k. We next define ci by solving Si = S'l. 
This yields 

21/8x101 - oqci = Gi 



with 



Gi := idx2CQ - ydl^co - kcq + cqQi - cod^^ao 



where k is determined later. We impose the initial condition ci(0,X2) = 
on xi = 0, so that 

ci(xi,X2) := ^6^/(21.) T'e-^/^^'^^Gids. 
2v Jo 



Note that ci is 27r-periodic in xi if and only if 

r"e-^/(2^)Gidxi = 0. 
Jo 

Directly from the definition of Gi, we compute that 

Gi = e^/(2-) 



(5.59) 



idx2Co + Co ( ^dx2l - K + ai- ^d^^ao - -^al 



Using 
this gives 

/■27r 



/■27r r2TZ 

I dx-^aodxi = Q = I -ydxi, 
Jo Jo 



f2ir /•2n 



-K + ai 



4z/ 



Set 



ai — ) dxi. 



(5.60) 



so that 



/ " e-^/^^'^^Gi dxi = 2iTrC'o{x2) + P{x2)Co{x2). 
Jo 

We thus define k by 



(5.61) 



With this choice, we have 



/ f3{s) ds = 0. 
io 
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and hence 

Co(x2) := exp ( / ds\ is 27r^-periodic in X2- 

\ 2i7r Jo J 

With this particular choice of Cq, the condition ()5.59p is satisfied and hence 
ci is bi-periodic. 

Moreover, directly from these definitions, we have Co S and, by per- 
forming an integration by parts to handle the term ^1^^) (Jpci/dxi^) ds, 
we obtain that ci G C^(T^). 

Step 3: k € R. It remains to prove that «; G R. To do this, we first observe 
that ao{x) = A{x,0,l) where A is given by Proposition I5.22[ In particular 
we easily check that aQ{x) G iH so that ao{x)'^ G R. On the other hand, we 
claim that 

Imai(x) is odd in X2, (5.62) 

so that 

Reoi — — ^ I dxidx2 G R. 



To prove (|5.62|) . still with the notations of Proposition \^7I^ and Lemma f5.3m 
we first observe that the identity ()5.50p and the definition of ai imply that 

aiix) = -{d^,A)ix,C) + Bo{x,0 



e={o,i) 

^(ag,^)(x,0,l) -^ + So(:e,0,1), 



€=(0,1) 



so that Imai(a;) = Imi?o(a;,0, 1). 
Now, we claim that 

ImBo(a;,-0 = -ImBo(2;,0- (5.63) 

Indeed, this follows from the definition of Bq (cf Proposition 15.22]) and the 
following symmetry of the symbol A^- of the Dirichlet to Neumann operator 



K{x,i) = \„{x,-i). (5.64) 

That (I5.64P has to be true is clear since this symmetry means nothing more 
than the fact that G{a)f is real- valued for any real- valued function /. 
Once (j5.63p is granted, using B G r(e, e) we obtain the desired result: 

Imai(xi, -X2) = lmBo{xi, -X2, 0, 1) 

= -ImSo(xi,-X2,0, -1) 
= -ImSo(xi,X2,0, 1) 
= -Imai(xi,a;2). 
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Step 4: General formula. We can now give the scheme of the analysis. For 
A; = 2, 3, 4, we shall define inductively by 



where is to be determined by means of the equation 5^ = <^jk + <^fe_i- That 
is, we set 



As in the previous step, we have to chose the initial data Cfe_i(x2) = 
Cfe_i(0,a;2) such that Ffc is 27r-periodic in x\. Now we note the following 
fact: Starting from the fact that ao, 02, ^4 are odd in xi and Oi, 03 are even 
in xi, we successively check that: ci is odd in xi; G2 is odd in xi; C2 is even 
in xi; G3 is even in xi; C3 is odd in xi; G4 is odd in xi. As a result, we have 



which in turn implies that r2 and r4 are bi-periodic. Consequently, one can 
impose 



Moreover, we impose C4 = (there is no restriction on C4 since we stop the 
expansion at this order). Therefore, it remains only to prove that one can 
so define C2 and k' that is bi-periodic. 

Step 5: Definition of C2 and n' . We turn to the details and compute that 





where is to be determined and is given by 





Ci{x2) = ci(0,X2) = and C3(x2) = 03(0, X2) = 0. 



G3 = idx^C2 - ydl^C2 -{k + dx^ao - ai)c2 - k'cq + cqQz + cia2 - cid^-^ai. 



The function C3 is 27r-periodic in xi if and only if 




(5.65) 
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Directly from the definition of G3, we have 







: 2mC'2{x2) + C2(x2) I "'^ + "1 ~ 4^ J 
+ r2(xi,X2) [--dn,^-^ - Hi + ai - -d^^QQ - —alj 
+ y {idx.,T2 - '^dl^T2 - dr,^-fdx^T2^ dxi 

/•2tt 

+ (as - K')Codxi. 



Now since 03 is odd in xi, the last term simplifies to — 27rK'Co(x2). Note 
also that 



r dlj:2dxi = {), 

Jo 



and 

/'27r /'27r /■27r 

/ -9xi75a.ir2(ixi = / -aodxj^T2dxi = / r29:riao d^i. 
JO JO Jo 

By using the previous cancelations, we obtain that for (I5.65P to be true, a 
sufficient condition is that C2 solves the equation 

2i7rC^(x2) + P{X2)C2{X2) = F2{x2) - 27rK'Co(x2), (5.66) 

with 

/•27r / ^ Y 1 \ 

-^2(a;2) := ( 2i^'^^2'>' - + "1 - ijdx^ao - -^^0) ^2 + idx2^2 dxi. 

If we impose the initial condition C2 = 1 on a;2 = 0, then equation (j5.66p 
has a 27r£-periodic solution if and only if n' is given by 

I /•2tt£ / I rx2 \ 

jT2| io V2i7r Jo ^^^^ / ^^(^2) 'ix2. 

We are then in position to define a function C2 such that C3 is bi-periodic. 

Step 6: G R. It remains to prove that k' G R. Firstly, observe that 
similar arguments to those used in the third step establish that 



ak{xi,X2) = ak{xi, —X2) for < < 4. (5.67) 
Then, we successively check that 



Co{xi,X2) = co{xi, -X2), 



ci(xi,X2) = ci(xi, -X2), (5.68) 



C2{xi,X2) = C2{xi, -X2). 

To complete the proof we express k' as a function of these coefficients. 
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Lemma 5.40. There holds 



J _ I /■/■ C2 / i „ _ , ^ 1 „ ^ 1 2 



+ —--2 II ~ ("^2 - dx^ai + S^jflo) dxidx2 



|Tp i^T2 Co 
Proof. Introduce 



(5.69) 



Cl C2 C3 

71 = — > 72 = — , 73 = — • 

Co Co Co 



With this notation, directly from the equation (^3 = 5'^ we have 

(3 i 

k' = -2i/5^j73 - —72 + —{dx.,'y)j2 

,2 1 \ 1 2, 1 



- 2^5xi72 - 2«o5a.i72 - 4^^072 + 2(^^100)72 - '^72 
+ a3 - 9x^02 + dl^ai - d^^ao + 7102 - -yid^^ai + Jidl^ao 
+ 72^1 - 72<9a;iao, 



where we used various cancelations. By integrating over T^, taking into 
accounts obvious cancelations of the form J^^dx^f dxi = and integrating 
by parts in xi the term // ao9a:i72 dxidx2, we obtain the desired identity. □ 

Using (I5.69p . (15.670 and ()5.68p . we obtain k' = k! and hence k! e R. 



This completes the proof of the proposition, and hence of Theorem 12.51 

□ 



6 The small divisor condition for families of diamond waves 

In this section, we prove Proposition 12. lUl whose statement is recalled here. 
Proposition 6.1. Let 5 and 5' be such that 

1>6>6' >0. 

Let V = v{£), kq = Ko{£) and ki = Ki(e) be three real-valued functions 
defined on [0, 1] such that 

Ko{s) = Ko + ip2{£^), (6.1) 
Ki(e) =Ki+ 993(6^), 

for some constants 1/ , t^o, with 
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and three Lipschitz functions ipj : [0, 1] ^ R satisfying ipj{0) = 0. Assume 
in addition that there exists n > 2 such that 



^2 — K^i — Kq 



> 



1 



1+5' 



(6.2) 



for all k G with ki > n. Then there exist K>0,rQ>0, No^lSi and a 
set A C [0, 1] satisfying 

1 

Vre[0,ro], -\An[0,r]\>l- KrW ^ 
r 



such that, if ^ A and ki > Nq then 



k2 - i'{e)kl - Ko(e) 



Ki{e) 



kl 



> 



2+5 ' 



for all k2 G N. 

Proof. As in [22], it is convenient to introduce 

A = e^, D{X) = j^(\/A), ko(A) = ko(V^), = ki(\/A). 

Introduce also the notations 

d{k) = d{ki,k2) ■=T2-K--r2-Ti 



and 



uj[X,ki):=iy[X)-u-\ , o — + — 



By assumption, 



fCi r\i-\ 



V52_(A) , 933 (A) 

U2 

n 



"1 



where ^j{X) (j = 1,2,3) is a Lipschitz function vanishing at the origin. 
Therefore, for ki large enough and A small enough, we have 



^A < \io{X,ki)\ < 2\e\X. 
Similarly, for ki large enough and A, A' small enough. 



(6.3) 



|A-A'| < \uj{X,ki) -u;{X',ki)\ 



(6.4) 



Given r > and N G N*, introduce the set 

A{r,N)= fl fl lxG[0,r]:\dikuk2)-ioiX,ki)\>-^\. 

fc2GNN9fci>Af I '^1 ) 
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We have to prove that there exist ro > 0, K > and Nq G N* such that 



Vre]0,ro], |[0,r] \^(r,A^o)| < Kr^^^W . 

Note that for n G N*, 

[0,r]\A{r,N) = U U E{r,h,k2) 
fci>Af fc2eN 



with 



(6.5) 



Eir,ki,k2) = <^ AG [0,r] : |d(A;i, A;2) - w(A, A:i)| < 



The proof then depends on the following lemma. 



Lemma 6.2. There exist > 0, Nq G N and three positive constant Aj, 
j = 1,2, 3, such that, for all r G [0,ro], for all ki > Nq and for all ^2 S N, 
we have 



1. If E{r,ki,k2) + then 



(6.6) 



2. #{m G N : E{r,ki,m) / 0} < A2{rkl + 1). 

3. \E{r,ki,k2)\<A3ki^-r 

Assume this lemma for a moment and continue the proof. This lemma 
implies that, for r G [0, tq] and ki > Nq, we have 



U E{r,h,k2) 
fc2eN 



^ A , rkf + l 

< A2A3 ITT^- 



Consequently, 



\[0,r]\A{r,NQ)\<A2As ^ ^-^^ 

ki>Air 



< A{r X r'i+^' + rs+i' 



for some positive constant A independent of r, which yields the desired 
bound (16.51). 
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It remains to prove Lemma [6.2l Suppose that E{r, ki, 7^ and chose 
X £ E{r,ki,k2). To prove (j6.6p . we first use assumption (j6.2p which reads 



< 



^ _ _ ^ 



for ki large enough. Hence, by definition of d{ki, ^2) 



3+<5' 



- < |d(^i,A:2)| + 



A; 



Now, by the triangle inequality, we have 



kf 



1 



k 



3+S 



7 < \d{ki,k2) -uj{X,ki)\ + |a;(A,A;i)| + 



kf 



By definition, if A G E{r, ki, ^2) then the first term in the right hand side is 
bounded by A;^^""^, so 



73^<7il + l^(^'^l)l + 



Kl 



kt 



4 • 



Hence, since < 5 and 5' < 1, we have 



for kl large enough. Now we use the simple estimate (16. 3p valid for ki large 
enough and A small enough, to obtain 



1 



3+5' 



- < 4|zy'| A < 4|iy'| r. 



kt 

This establishes the first claim in Lemma |6.2[ 

To prove the second claim, note that, given r > and ki, if E{r, ki,k2) 7^ 
and -E(r, fci, ^2) ^ then exist A and A' such that 

\d{ki,k2) - uj{X,ki)\ < \d{ki,k'2) -u}{X',ki)\ < 

kl 



Now by the triangle inequality, using (j6.3p . this yields 



k2 k'2 



^2 p 

= \d{ki,k2) - d{ki,k'2)\ 

< \d{ki, ^2) — "^(A, A;i)| + \d{ki, k'2) — w(A', A;i)| + \uj{X, ki) — a;(A', 



<Ti^+2k1(A + A')<^ + 4|z,'|r. 



kf' 
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Multiplying both sides by kf we obtain the bound 



2 . I ;l , 2 



1^2-41 <-r2^ + 4\K\rkt 
^1 



and hence 



2 

#{m G N : E{r,ki,m) 7^ 0} < 1 + + 4 rkf. 
It remains to prove the last claim. Introduce 

^minir,ki,k2) = miE{r,ki,k2), Xmax{r, ki, k2) = sup E{r, ki, k2)- 
Then, using (j6.4p we find 

\E{r,ki,k2)\ < \max{r,ki,k2) - Xmin{r, ki, k2) 
2 

< — \uj{Xmaxir, ki,k2), ki) - Uj{Xminir, ki,k2), ki)\ 

< \uj[Xmaxir, ki,k2), ki) - d{ki, ^2)! 
+ 1^(^1,^:2) -id{Xminir, ki,k2),ki)\ 

< —k-^~' 

This completes the proof of Lemma 16.21 and hence the proof of Proposi- 
tion EM □ 

Remark 6.3. The previous proof follows essentially the analysis in [22]. The 
key difference is that, in p2|, the authors need to prove that a diophantine 
condition of the form 

k2-u{e)kl-Ko{e)\>^, (6.7) 

is satisfied for all ^ A for some set A satisfying 

lim - Un [0,rl| = 1. 

This corresponds to the case (5 = of the above theorem (which we precluded 
by assumption). Now, observe that in this case the above analysis only gives 

|[0,r]\^(r,iVo)| <r3T^. 

Then to pass from this bound to |[0,r] \^(r, A'^q)! = o(r), one has to gain 
extra decay in r. To do this, looss and Plotnikov use an ergodic argument. 
What makes the proof of the above Theorem simple is that we proved only 
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that a weaker diophantine condition is satisfied. (Here "weaker diophantine 
condition" refers to the fact that, if (j6.7p is satisfied then (j2.9p is satisfied 
for any S > 0.) In particular, this discussion clearly shows that it is simpler 
to prove that (j2.3p is satisfied for some 6 > than for 6 = 0. This gives a 
precise meaning to what we claimed in the introduction: our paradifferential 
strategy may be used to simplify the analysis of the small divisors problems. 



7 Two elliptic cases 

7.1 When the Taylor condition is not satisfied 

Consider a classical solution (a, (p) of the system 

= /i G C°^(t2), 

where x G T^, and /i, /2 are given C°° functions. 

Our goal here is to show that the problem is much easier in the case 
where the Taylor sign condition is not satisfied. To make this more precise, 
set 

VfJ • Vib 

a:=fi + V-Vb with b := — -pr, V :=VTp -bVa. 

1 + I Vfjp 

We prove a local hypoellipticity result near boundary points {x, cr(x)) where 
a < 0. We prove that, if a G H'^ and (j) £ H" for some s > 3 near a boundary 
point (xo,cr(xo)) such that a(xo) < 0, then a^cj) are C°° near (xq, cr(xo)). 
(This can be improved; the result remains valid under the weaker assumption 
that £7, G with s > 2 for x G T'^ with d>l. Yet, we will not address 
this issue.) 

The main observation is that, in the case where a < 0, the boundary 
problem (j7.ip is weakly elliptic. Consequently, any term which has the 
regularity of the unknowns can be seen as an admissible remainder for the 
paralinearization of the first boundary condition (that is why we can localize 
the estimates). In addition, the fact that the problem is weakly elliptic 
implies that we can obtain the desired sub-elliptic estimates by a simple 
integration by parts argument. To localize in Sobolev space, we use the 
following notation: given an open subset uj C R*^ and a distribution u G 
5'(R'^), we say that u G H''{u)) if G iJ*(R'^) for every x G C'o°(w). 

Theorem 7.1. Let s > 4 and consider an open domain uj CC T^. Suppose 



that (cTjip) G H'^{uj) satisfies System 7.1 and a{x) < for all x G uj. Then, 



for all uj' CC uj, there holds {cr,ip) G //'*+^/^(u;')- 
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Proof. By using symbolic calculus, we begin by observing that we have 
a localization property. Consider two cutoff functions x' ^ Cq^{uj') and 
X G Cq°{'R'^) such that x = 1 on a; and x' = 1 on uj'. Then u = x' 4^ ~ ^xbX' 
and fj = x'fj satisfy 

Txiu-Tv -Va = 1^ e H'{J), (7.2) 
Ta<? + • V-u = G H^'~^{lo'), (7.3) 

where recall that 

Xl{x,0 = ^{l + \Va{x)m\^-{Va{x).0'. 

The strategy of the proof is very simple: We next form a second order 
equation from (j7.2p - (j7.3p . The assumption a(3;o) < implies that the op- 
erator thus obtained is quasi-homogeneous elliptic, which implies the de- 
sired sub-elliptic regularity for System ()7.2p - ()7.3p . Namely, we claim that 
u G H'^+^iio') and a G H'^{uj') with 

a := min |s -|- -, 2s — 3) > s. 

To prove this claim, we set A = (1 — A) 2 and use the Garding's inequality 
for paradifferential operators, to obtain that there are constants C and c > 
such that 

5ft(ry • Va,A2"u)^, + {Tv ■ Vn,A2"a)^2 < C\\u\\^4a\\jj^, 

c\\a\\l^ < 3f?(r„a,-A2"a)^, 

Therefore, taking the scalar product of the equations (j7.2p and (|7.3p by A^"?i 
and — A^"cj respectively, and adding the real parts, implies that 

c||«||^.+ i +c||a||^, 

+ C\\u\\jj^\\a\\j^^ + C\\u\f^^ + C||5-||^„_i , 

and the claim follows. 

As a consequence we find that a G H°^{uj') and u G if"^2(a;'). Going 
back to ij: = u + TbO", we obtain that tp G H°'(uj'). This finishes the proof of 
the Theorem 17.11 □ 
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7.2 Capillary gravity waves 



In this section, we prove a priori regularity for the system obtained by 
adding surface tension: 

G{a)ijj -c-Va = 0, 
where H{a) denotes the mean curvature of the free surface {y = a{x)}: 



H(a) := div 



Recently there have been some results concerning a priori regularity for the 
solutions of this system, first for the two-dimensional case by Matei [30], and 
second for the general case d > 2 by Craig and Matei [ini E] • Independently, 
there is also the paper by Koch, Leoni and Morini [26] which is motivated 
by the study of the Munford-Shah functional. Craig and Matei proved 
regularity for (7-^+" solutions, and Koch, Leoni and Morini proved this result 
for solutions (they also note that the result holds true for viscosity 
solutions). Both proofs rely upon the hodograph and Legendre transforms 
introduced in this context by Kinderlehrer, Nirenberg and Spruck in the well 
known papers [231 [2H I25j . Here, as a corollary of Theorem 12.121 we prove 
that solutions are C°°, without change of variables, by using the hidden 
ellipticity given by surface tension. To emphasize this point, the following 
result is stated in a little more generality than is needed. 

Proposition 7.2. // {(J,ip) G C^(R°') solves a system of the form 

rG(a)V^ = /i eC-(R'^), 

where F is a smooth function of its arguments, then {(T^ijj) G C°°(R'^). 

Proof. By using standard regularity results for quasi-linear elliptic PDE, we 
prove that if (cr, V") £ C'^ for some m > 2, then (a, if)) G (jm+i-e ^^^y 
e > 0. For instance, it follows from Theorem 2.2.D in [30] that, 

for any 5 > Q. As a result, it follows from the paralinearization formula 
for the Dirichlet to Neumann operator (cf Remark 12. 161 after Theorem 12. 12p 
that, 

^Ai (V' - T^a) G C""-^' for any 5' > 0, 

where is the principal symbol of the Dirichlet to Neumann operator. 
Since is a first-order elliptic symbol with regularity at least in x, this 
implies that i^-T^a e C'"'-^'^-^" and hence V G 0"^+^-^" for any 5" > 0. □ 
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